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• ❆❆❂❆
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C = (A+B)
(
A+B

) (
A+B

)
= (A+B)

(

✚
✚AA+ AB + AB +✟

✟✟BB
)

= AAB +✘✘✘✘
AAB +BAB +✘✘✘✘

BAB = AB. ✭✶✳✶✮
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C = AB + AB + AB = B
(
A+ A

)
+ A

(
B +B

)
= A+B. ✭✶✳✷✮
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❡❣②<③❡R➯<L5❤❡5➤❦✳

✶✳✺✳ 6❜R❛✳ ❖❧❞❛❧R❛ ✐< 5W❦RX③❤❡5W♥❦

]S❧❞❛❦S♥5 5❡❦✐♥5<W❦ ❛③ ❛❧6❜❜✐ ❡❣②<③❡R➯ ♣S❧❞6❦❛5✿
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❆♠✐♥7 ❛③ ❛③ ✐❣❛③;<❣7<❜❧<❜?❧ ❧<7;③✐❦✱ ❛ ❧♦❣✐❦❛✐ ✈❛❣② ❢D❣❣✈F♥②H➤❧ ✈❛♥ ;③?✳ ❆ 7<❜❧<③❛7♦7 ❦✐♦❧✈❛;✈❛

❦❛♣❥✉❦✱ ❤♦❣②

C = AB + AB + AB = A
(
B +B

)
+B

(
A+ A

)
= A+B. ✭✶✳✸✮

▼♦;7 7❡❦✐♥7;D❦ ❛③ ❛❧<❜❜✐✱ ❦✐❝;✐7 ❜♦♥②♦❧✉❧7❛❜❜ ✐❣❛③;<❣7<❜❧<7✿

❆ ❇ ❈ ❉

✵ ✵ ✵ ✵

✵ ✵ ✶ ✶

✵ ✶ ✵ ✶

✵ ✶ ✶ ✵

✶ ✵ ✵ ✵

✶ ✵ ✶ ✶

✶ ✶ ✵ ✶

✶ ✶ ✶ ✶

❆ 7<❜❧<③❛7♦7 ❦✐♦❧✈❛;✈❛ ❦❛♣❥✉❦ ❛③ ❡❣②;③❡H➯;U7❡77 ❧♦❣✐❦❛✐ ❢D❣❣✈F♥②7✿

D = ABC + ABC + ABC + ABC + ABC = AC +BC +BC. ✭✶✳✹✮

▼✐ FH7❡❧♠❡ ✈❛♥ 7❡❤<7 ❛③ ❡❣②;③❡H➯;U7F;♥❡❦❄ ❆ ❢❡♥7✐ ❦❛♣❝;♦❧<; ❞✐H❡❦7 ❦✐♦❧✈❛;<;;❛❧ ❦❛♣♦77

❡❣②❡♥❧❡7❡✐ ❛❧❛♣❥<♥ ✶✵ ❞❜✳ ➱❙ F; ✹ ❞❜✳ ❱❆●❨ ;③❡❧❡♣H❡ ❧❡♥♥❡ ;③D❦;F❣D♥❦✱ ♠U❣ ❛③ ❡❣②;③❡H➯;U7F;

✉7<♥ ❝;✉♣<♥ ✸ ✐❧❧✳ ✷ ❞❛H❛❜H❛✳ ❊③ ❥❡❧❡♥7➤;❡♥ ❡❣②;③❡H➯;U7✐ ❛ H❡♥❞;③❡H7✱ F; ❛ ❦Z❧7;F❣❡❦H❡ ✐; ❥?

❤❛7<;;❛❧ ✈❛♥✳

(♥❡✉♠❛7✐❦✉; ❦❛♣❝;♦❧<;♦❦ 7❡H✈❡③F;❡❦♦H ❛③ [♥✳ ❑❛H♥❛✉❣❤ 7<❜❧<③❛7♦; ♠?❞;③❡H ❡;❡7F♥ ✭❧❞✳

❦F;➤❜❜✮ ❡❣② ♦❧②❛♥ ;♣❡❝✐<❧✐; ❱❡✐7❝❤ 7<❜❧<③❛7♦7 ❤❛;③♥<❧✉♥❦✱ ❛❤♦❧ ❛ ❜❡♠❡♥❡7❡❦ ❛ ✈F❣<❧❧<;❦❛♣❝;♦❧?✲

♣<H♦❦ ❧❡;③♥❡❦ ✲ ♣❧✳ A = D1 F; B = D2 ✲ F; ❦✐❤❛;③♥<❧❥✉❦ ❛③7✱ ❤♦❣② D1 = D2 ✐❧❧✳ D2 = D1 ✭❛③❛③

❤❛ ❛ ❤❡♥❣❡H ❛ D1✲❡7 ♠➯❦Z❞7❡7✐✱ ❛❦❦♦H ♥❡♠ ♠➯❦Z❞7❡7❡❤❡7✐ D2✲7✳✮
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✶✳✼✳ 9❜;❛✳ ❇❛❧ ♦❧❞❛❧✿ ❧♦❣✐❦❛✐ ➱❙ F③❡❧❡♣✳ ❏♦❜❜ ♦❧❞❛❧✿ ❧♦❣✐❦❛✐ ❱❆●❨ F③❡❧❡♣✳

✶✳✸✳ ▲♦❣✐❦❛✐ ❢*❣❣✈,♥②❡❦ ♠❡❣✈❛❧234563❛ ♣♥❡✉♠❛5✐❦✉3 ❡❧❡♠❡❦✲

❦❡❧

▼♦FI I❡❦✐♥IFU❦ 9I✱ ❤♦❣② ❛③ ❡❞❞✐❣ I9;❣②❛❧I ❧♦❣✐❦❛✐ ✉I❛FZI9F♦❦❛I ♠✐❧②❡♥ ♣♥❡✉♠❛I✐❦✉F ❡❧❡♠❡❦❦❡❧

I✉❞❥✉❦ ♠❡❣✈❛❧PFZI❛♥✐✳ ❆③ ✶✳✻✳ 9❜;❛ ❜❛❧ ♦❧❞❛❧9♥ ❡❣② ✸✴✷✲❡+ ♠♦♥♦+/❛❜✐❧ F③❡❧❡♣ ❧9I❤❛IP✱ ♠❡❧②✲

♥❡❦ ✸ ❝F❛I❧❛❦♦③9F❛ ✈❛♥ ^F ✷ ❧❡❤❡IF^❣❡F 9❧❧9F❛ ✭✸✴✷✲❡F✮✱ ✈❛❧❛♠✐♥I✱ ♠✐✈❡❧ ❛③ ❡❣②✐❦ ♦❧❞❛❧;P❧ ;✉❣P

♠➯❦`❞I❡I✐✱ ❛ ;✉❣P♦❧❞❛❧✐ 9❧❧9F ❛③ ❛❧❛♣❤❡❧②③❡I ✭❛③❛③✱ ❤❛ ❛ ❜❛❧ ♦❧❞❛❧✐ ♠➯❦`❞I❡I➤ ❥❡❧❡I ❡❧✈❡FF③U❦✱

✈✐FF③❛9❧❧ ❛❧❛♣❤❡❧②③❡I❜❡✮✳ ❯❣②❛♥❛③♦♥ 9❜;❛ ❥♦❜❜ ♦❧❞❛❧9♥ ❡❣② ✹✴✷✲❡+ ❜✐+/❛❜✐❧ F③❡❧❡♣❡I ❧9I✉♥❦✱

♠❡❧②❡I ♠✐♥❞❦^I ♦❧❞❛❧;P❧ I✉❞✉♥❦ ♠➯❦`❞I❡I♥✐ ^F ♥✐♥❝F❡♥ ❦✐IU♥I❡I❡II ❛❧❛♣❤❡❧②③❡I❡✳

❊❣② ✸✴✷✲❡F ♠♦♥♦FI❛❜✐❧ F③❡❧❡♣ F❡❣ZIF^❣^✈❡❧ ♠❡❣✈❛❧PFZI❤❛I❥✉❦ ❛③ ❛❧❛♣✈❡I➤ ❧♦❣✐❦❛✐ ✉I❛FZI9F♦❦❛I✱

❛♠✐♥I ❛③ ❛③ ✶✳✼✳ 9❜;9♥ ✐F ❧9I❤❛IP✳ ❱❡❣②U❦ ^F③;❡✱ ❤♦❣② ❛ ❱❆●❨ F③❡❧❡♣ ♠❡❣✈❛❧PFZI9F9❤♦③ ❜❡ ❦❡❧❧

^♣ZI❡♥U♥❦ ❦^I ✈✐FF③❛❝F❛♣PF③❡❧❡♣❡I ✐F✳

❱^❣U❧ ✈❡❣②U❦ F③❡♠U❣②;❡ ❛ ❄❄✳ 9❜;9♥ ❧9I❤❛IP ♠❡♠P;✐❛F③❡❧❡♣❡I✦ ❆③ ❡F❡I❜❡♥ ❜✐FI❛❜✐❧ F③❡❧❡♣❡I

❛❧❦❛❧♠❛③✉♥❦✱ Z❣② ❛③ Y ♣❛;❛♥❝F ❛ ♠❡♠P;✐❛ ❜❡Z;9F❛ ❧❡F③ ✭❤❛ Y❂✶✱ A❂✶✮✱ ❛ ❩ ♣❡❞✐❣ ❛ I`;❧^F ✭❤❛

Z❂✶✱ A❂✵✮✳ ❆ ❦^I ♣❛;❛♥❝F♦I I✐❧♦F ❡❣②F③❡;;❡ ❦✐❛❞♥✐✱ ❛③❛③ ZY = 0✳ ❆ ❦✐♠❡♥➤ ❥❡❧ I❡❤9I ❛❦❦♦;

✶✱ ❤❛ ❜❡Z;I✉❦ ✈❛❣② ❛③ ❡❧➤③➤ ❜❡Z;I ^;I^❦❡I ♥❡♠ I`;`❧IU❦✳ ❏❡❧`❧❥❡ ❛③ ❡❧➤③➤ ^;I^❦❡I Ar✱ ❡❦❦♦; ❛

♠➯❦`❞^F✐ ❡❣②❡♥❧❡I✿

A = Y + ArZ. ✭✶✳✺✮
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✶✳✽✳ :❜3❛✳ ❊❣②❤❡♥❣❡3❡> ♣E❧❞❛

❆ 3❡♥❞>③❡3 ❡❧❡♠❡✐♥❡❦ R>>③❡❦❛♣❝>♦❧:>❛ ❣②❛❦♦3❧❛9✐❧❛❣ ❛ ❧♦❣✐❦❛✐ ❢D❣❣✈E♥②✳ ❆ ✈E❣:❧❧:>❦❛♣❝>♦❧I❦

❥❡❧❡✐ ✭♣❧✳✿ D1✮ ❛ ❧♦❣✐❦❛✐ ❢D❣❣✈E♥② ❜❡♠❡♥❡9E♥❡❦ ❢❡❧❡❧9❡9❤❡9➤❡❦ ♠❡❣✳ ❆ ❧♦❣✐❦❛✐ ❢D❣❣✈E♥② ❦✐♠❡♥❡9❡✐

♣❡❞✐❣ ❛ ♠✉♥❦❛❤❡♥❣❡3 ♠♦③❣❛9I♣❛3❛♥❝>♦❦ ✭♣❧✳✿ C+
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❤❛9I ❛③ ❡❧✈:39 ♠➯❦R❞E>❤❡③ >③D❦>E❣❡> ❦❛♣❝>♦❧:>✳ ❆③ D9❡♠❞✐❛❣3❛♠❜I❧ ❧:9❤❛9I✱ ❤♦❣② ❛③ ❡❧>➤ D9❡♠

❡❧❡❥E♥ ❛ C+
1 ✉9❛>W9:>9 ❦❡❧❧ ❦✐❛❞♥✉♥❦✳ ❊③9 ❛③ ✉9❛>W9:>9 ❛ D1 ✈E❣:❧❧:>❦❛♣❝>♦❧I ❛❦9W✈ :❧❧:>❛ ✈:❧9❥❛

❦✐✳ ❚❡❤:9 ❛ D1 ✈E❣:❧❧:>❦❛♣❝>♦❧I ❦✐♠❡♥❡9E9 ❛ ♠✉♥❦❛❤❡♥❣❡3 ✈❡③E3❧➤>③❡❧❡♣E♥❡❦ C+
1 ❜❡♠❡♥❡9E3❡

❦R9❥D❦✳ ❊❦❦♦3 ❡❧✐♥❞✉❧ ❦✐❢❡❧E ❛ ♠✉♥❦❛❤❡♥❣❡3✱ ♠❛❥❞ ❡❧E3✐ ❛ ♠:>✐❦ ✈E❣:❧❧❛♣♦9:9✱ E> ❡❦❦♦3 ♠❡❣✲

♥②♦♠❥❛ ❛ D2 ✈E❣:❧❧:>❦❛♣❝>♦❧I9✳ ❆ ❦R✈❡9❦❡③➤ D9❡♠❜❡♥ ✈✐>>③❛ >③❡3❡9♥E♥❦ ❤X③♥✐ ❛ ♠✉♥❦❛❤❡♥❣❡39✱

9❡❤:9 ❛ D2 ✈E❣:❧❧:>❦❛♣❝>♦❧I ❦✐♠❡♥❡9E9 ❛ ♠✉♥❦❛❤❡♥❣❡3 ✈❡③E3❧➤>③❡❧❡♣ C−1 ❜❡♠❡♥❡9E3❡ ❦❡❧❧ ❦R9✲
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❦JEJEET♥❦✮ ❛③♦♥❜❛♥ ❣♦♥❞ ♥L❧❦T❧ ♠❡❣♦D③E❤❛E❥✉❦✳ ❚❡❤=E ❛ D4M ❥❡❧❡E ♦D③E❥✉❦ ❦LE❢❡❧L✱ ❛③ ❡❣②✐❦❡E ❛

♠=? ❡♠❧ZE❡EE D2 E=♣❥=?❛ ❦JE❥T❦✱ ❛ ♠=D✐❦❛E ♣❡❞✐❣ ❛ ♠✉♥❦❛❤❡♥❣❡? ✈❡③L?❧➤D③❡❧❡♣ C−2 ❜❡♠❡♥❡EL?❡

❦JE❥T❦✳

❊③③❡❧ E❡❤=E ♠❡❣♦❧❞♦EE✉❦✱ ❤♦❣② C2 ❤❡♥❣❡?E ✈❡③L?❧➤ D③❡❧❡♣♥❡❦ ♥❡♠ ❧❡D③ ❡❣②D③❡??❡ ♠✐♥❞❦LE

❜❡♠❡♥❡EL♥ ♥②♦♠=D✳ ❚❡❤=E ♦EE E❛?E✉♥❦✱ ❤♦❣② =E❜✐❧❧❡♥E❡EET❦ ❛ ♠❡♠[?✐❛D③❡❧❡♣❡E✱ LD ❛ C2 ❤❡♥❣❡?E

❡❧✐♥❞ZE♦EE✉❦ ✈✐DD③❛❢❡❧L✳

❆ C2 ♠✉♥❦❛❤❡♥❣❡? ❡❧L?✐ ❛ E❡❧❥❡D❡♥ ❜❡❤^③♦EE =❧❧❛♣♦E=E✱ LD ❛❦E✐✈=❧❥❛ ❛ D3 ✈L❣=❧❧=D❦❛♣❝D♦❧[E✳ ❆

❦J✈❡E❦❡③➤ TE❡♠❜❡♥ ❛ C1 ♠✉♥❦❛❤❡♥❣❡?E ✈✐DD③❛ ❦❡❧❧ ❤^③♥✐✱ E❡❤=E ❛ D3 ✈L❣=❧❧=D❦❛♣❝D♦❧[ ❦✐♠❡♥❡ELE

❛ ♠✉♥❦❛❤❡♥❣❡? ✈❡③L?❧➤D③❡❧❡♣ C−1 ❜❡♠❡♥❡EL❤❡③ ❦JE❥T❦✳ ❊③✉E=♥ ❛ C1 ✈✐DD③❛L? ❛③ ❛❧❛♣❤❡❧②③❡EL❜❡✳

❊❦❦♦? ❛❦E✐✈=❧[❞✐❦ ❛ D1 ✈L❣=❧❧=D❦❛♣❝D♦❧[✱ LD ❡??❡ ❛ ♣❛?❛♥❝D?❛ ❡❧ ❦❡❧❧ ✐♥❞ZE❛♥✐ ❛ C1 ❤❡♥❣❡?E ❦✐❢❡❧L✳

❚❡❤=E ❦JDDT❦ ❛ D3 ❦❛♣❝D♦❧[E ❛ C1+ ❜❡♠❡♥❡E?❡✳ ❆♠✐❦♦? C1 ❡❧L?E ❛ ✈L❣=❧❧❛♣♦E=❜❛ ♠❡❣♥②♦♠❥❛

❛ D1 ✈L❣=❧❧=D❦❛♣❝D♦❧[E✳ ❊♥♥❡❦ ❛ ❥❡❧♥❡❦ ❦❡❧❧❡♥❡ ❡❧✐♥❞ZE❛♥✐❛ ❛ C1 ❤❡♥❣❡? ❦✐❢❡❧L ♠♦③❣=D=E✳ ❆③♦♥✲
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❜❛♥ ✐9♠;< ❢❡♥♥3❧❧ ❛③ ❡❧➤③➤❡❦❜❡♥ ♠35 <❛❣❧❛❧< 3❧❧❛♣♦<✱ ✈❛❣②✐9 ❛ C1 ♠✉♥❦❛❤❡♥❣❡5< ✈❡③;5❧➤ 9③❡❧❡♣

♠✐♥❞❦;< ❜❡♠❡♥❡<;5❡ ❡❣②9③❡55❡ ❦❡5L❧♥❡ ♥②♦♠39✱ ♠❡5< ❛ D1 ;9 D3 ✐9 ❡❣②9③❡55❡ ❛❦<M✈✳ ❚❡❤3< ✐9♠;<

❛❧❦❛❧♠❛③♥✉♥❦ ❦❡❧❧ ❛ ♠35 ♠❡❣✐9♠❡5< ♠N❞9③❡5<✱ 9③❛❦M<9✉❦ ♠❡❣ ❛ ❦♦53❜❜❛♥ ❛❦<✐✈3❧N❞N ✈;❣3❧❧39✲

❦❛♣❝9♦❧N <3♣❥3<✳ ❚❡❤3< ❛ D3 <3♣❥3< ♠❡❣ ❦❡❧❧ 9③❛❦M<❛♥✉♥❦✱ ♠;❣❤♦③③3 R❣②✱ ❤♦❣② ❛③< D1 9③❛❦M<9❛

♠❡❣✳ ❮❣② ♥❡♠ ❧❡9③ ❦;< ❡❧❧❡♥<;<❡9 ❤❛<39< ❦✐❢❡❥<➤ ❥❡❧✳ ❆ ♠35 ♠❡❣❧;✈➤ ♠❡♠N5✐❛9③❡❧❡♣❡< ✐9 <✉❞❥✉❦

❛❧❦❛❧♠❛③♥✐✳ ❆ ♠❡♠N5✐❛9③❡❧❡♣ ❦;< ♠➯❦U❞<❡<➤ ❥❡❧❡ ❦U③L❧ ♠;❣ ❝9❛❦ ❛③ ❡❣②✐❦❡< ❤❛9③♥3❧❥✉❦ ✭D4✮✳

❚❡❤3< ❛ ♠39✐❦ ♠➯❦U❞<❡<➤ ❥❡❧♥❡❦ ❜❡❦U<❤❡<❥L❦ ❛ D1✲❡<✳ ❆ D2✲❡9 ✈;❣3❧❧39❦❛♣❝9♦❧N <3♣❥3< ❦❡❧❧

♠❡❣9③❛❦M<❛♥✐✱ M❣② ❡♥♥❡❦ ❛ <3♣❥3< ❛ ♠❡♠N5✐❛9③❡❧❡♣♥❡❦ ❛③♦♥ ❦✐♠❡♥❡<;5❡ ❦❡❧❧ ❦U<♥✐✱ ❛♠❡❧② ♥❡♠

❛❦<M✈ ❛ ♠❡♠N5✐❛9③❡❧❡♣ ❛❧❛♣❤❡❧②③❡<;❜❡♥✱ <❡❤3< D4M ✲❤❡③✳ ❊③ ❛③ ❡❧➤③➤❡❦❜❡♥ ♠❡❣♦❧❞♦<< ♣5♦❜❧;♠3<

9❡♠ ✐❞;③✐ ❢❡❧ ✐9♠;<✳ ❖<< ❛ D2 ;9 D4 ❡❣② ✐❞➤❜❡♥ ✈❛❧N ❛❦<✐✈✐<39❛ ♦❦♦③<❛ ❛ ♣5♦❜❧;♠3<✱ ❞❡ ❡③ ❛

❝✐❦❧✉9 ✈;❣;♥ ♠35 ♥❡♠ ♦❦♦③ ♣5♦❜❧;♠3<✱ ♠❡5< ❡❣②✐❦ ✈;❣3❧❧39❦❛♣❝9♦❧N 9❡♠ ❛❦<M✈ ❛❦❦♦5✱ <❡❤3< ♥❡♠

♦❦♦③ ❣♦♥❞♦< ❛ ♠❡♠N5✐❛9③❡❧❡♣ <U5❧;9❡✳

▲3<❤❛<N✱ ❤♦❣② ♠35 ❡❣② ✐❧②❡♥ ✈✐9③♦♥②❧❛❣ ❡❣②9③❡5➯ 5❡♥❞9③❡5 ❢❡❧;♣M<;9❡ ✐9 ✐❣❡♥ ♥❡❤;③❦❡9 ✐♥<✉✐<M✈

♠N❞9③❡55❡❧✳ ❇♦♥②♦❧✉❧<❛❜❜ ❢❡❧❛❞❛<♥3❧ ✭♣❧✳✿ <U❜❜ ♠✉♥❦❛❤❡♥❣❡5✱ <U❜❜ L<❡♠ ❝✐❦❧✉9♦♥❦;♥<✱ ❦♦♠♣✲

❧✐❦3❧< L<❡♠❞✐❛❣5❛♠✮ ♠;❣ ♣5♦❜❧;♠39❛❜❜ ❛ ♠❡❣♦❧❞39✱ ;9 ❡❣②5❡ <U❜❜ ❛ ❤✐❜❛❧❡❤❡<➤9;❣✳ (♦♥<♦9❛♥

❡③;5< ❤❛9③♥3❧❥✉❦ ✐♥❦3❜❜ ❛ ❑❛5♥❛✉❣❤✲<3❜❧3③❛<♦<✳

❑❛"♥❛✉❣❤✲()❜❧), ♠.❞,③❡"

▼✐✈❡❧ <✉❞❥✉❦✱ ❤♦❣② ✈❛♥ ❦;< ❛③♦♥♦9 ✈;❣3❧❧39❦❛♣❝9♦❧N ❤❡❧②③❡<✱ ❛♠✐ ✉<3♥ ❡❧<;5➤ L<❡♠ ❦U✈❡<❦❡③✐❦✱

❡③;5< ❜✐③<♦9❛♥ ❢♦❣ ❦❡❧❧❡♥✐ ❡❣② ♠❡♠N5✐❛9③❡❧❡♣ ✐9✳ ❆ ♠❡♠N5✐❛9③❡❧❡♣❡< ❳✲❡❧ ❥❡❧U❧❥L❦✱ ❛③ M539✐ ♠➯✈❡❧❡<

X1✱ ❛ ♠❡♠N5✐❛ <U5❧;9❡ ♣❡❞✐❣ X0✳ ❆ ♠❡♠N5✐❛9③❡❧❡♣ 3❧❧❛♣♦<3< ❛③ ♦9③❧♦♣♦❦❜❛♥ <L♥<❡<❥L❦ ❢❡❧✳

❆ ❝✐❦❧✉9 ❦❡③❞❡<;♥ ❛ D1 ;9 D3 ✈;❣3❧❧39❦❛♣❝9♦❧N❦ ❛❦<M✈❛❦✱ <❡❤3< ❛ ❜❛❧ ❢❡❧9➤ ✧❙❚❆❘❚✧✲❛❧

❥❡❧U❧< ♠❡③➤❜➤❧ ✐♥❞✉❧✉♥❦✳ ❊❜❜❡♥ ❛ ✈;❣3❧❧39❦❛♣❝9♦❧N 3❧❧39❜❛♥ ❛ C+
1 ♣❛5❛♥❝9♦< ❛❞❥✉❦ ❦✐✱ <❡❤3<

❡③< M5❥✉❦ ❡❜❜❡ ❛ ♠❡③➤❜❡✳ ❆ ❦U✈❡<❦❡③➤ L<❡♠❜❡♥ D2 ;9 D3 ❧❡9③ ❛❦<M✈✱ <❡❤3< ❛ ❜❛❧ ♦❧❞❛❧✐ ♦9③❧♦♣

♠39♦❞✐❦ ❝❡❧❧3❥3❜❛ ✉❣5✉♥❦✱ ❡③< ❥❡❧U❧❥L❦ ❡❣② ♥②M❧❧❛❧✳ ❆♠✐❦♦5 ❛ ✈;❣3❧❧39❦❛♣❝9♦❧N❦ ❡❜❜❡ ❛③ 3❧❧❛♣♦<❜❛

❦❡5L❧♥❡❦✱ ❛❦❦♦5 ❛ ❦U✈❡<❦❡③➤ L<❡♠❜❡♥ C+
2 ♣❛5❛♥❝9♦< ❛❞✉♥❦ ❦✐✳ ❚❡❤3< ❡③< M5❥✉❦ ❛ ♠39♦❞✐❦ ♠❡③➤❜❡✳

▼✐✉<3♥ ❦✐❦L❧❞<L❦ ❛ C2 ❤❡♥❣❡5<✱ ❛ D4 ;9 D2 ✈;❣3❧❧39❦❛♣❝9♦❧N❦ ❧❡9③♥❡❦ ❛❦<M✈❛❦✳ ❆③ ❡♥♥❡❦

♠❡❣❢❡❧❡❧➤ ♠❡③➤ ❛ ❜❛❧ ♦9③❧♦♣ ❤❛5♠❛❞✐❦ ❝❡❧❧3❥❛✱ <❡❤3< ✐❞❡ ❤R③③✉❦ ❛ ❦U✈❡<❦❡③➤ ♥②✐❧❛<✳ ❆ ❦U✈❡<❦❡③➤

♣❛5❛♥❝9 C−2 ✱ <❡❤3< ❡③< M5❥✉❦ ❛ ❤❛5♠❛❞✐❦ ❝❡❧❧3❜❛✳ ❆♠✐❦♦5 ✈;❣5❡❤❛❥<395❛ ❦❡5L❧< ❛ C2 ❤❡♥❣❡5

❜❡❤R③39❛✱ ✐9♠;< ❛ D2 ;9 D3 ✈;❣3❧❧39❦❛♣❝9♦❧N❦ ❧❡9③♥❡❦ ❛❦<M✈❛❦✳ ❆③ ❡♥♥❡❦ ♠❡❣❢❡❧❡❧➤ ♠❡③➤ ❛ ❜❛❧

♦9③❧♦♣ ♠39♦❞✐❦ ♠❡③➤❥❡ ❧❡♥♥❡✱ ❞❡ ❛③< ♠35 ❤❛9③♥3❧<✉❦✳ ■<< ❧3<9③✐❦✱ ❤♦❣② ❛③ L<❡♠❞✐❛❣5❛♠❜❛♥ ✈❛♥

❦;< ♦❧②❛♥ ❤❡❧②③❡<✱ ❛♠✐❦♦5 ❛ ✈;❣3❧❧39❦❛♣❝9♦❧N❦ ✉❣②❛♥❛❜❜❛♥ ❛③ 3❧❧❛♣♦<❜❛♥ ✈❛♥♥❛❦✱ ❞❡ ✉<3♥❛ ♠39

♣❛5❛♥❝9♦< ❦❡❧❧ ❦✐❛❞♥✉♥❦✳

❊③< ❛ ❦;< 3❧❧❛♣♦<♦< ♠❡❣ ❦❡❧❧ ❦L❧U♥❜U③<❡<♥L♥❦✳ ❊③③❡❧ ❛ ♠N❞9③❡55❡❧ ❛③ ✐❧②❡♥ ❤❡❧②③❡<❡❦❡<
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▼➯❦5❞78✐ ❡❣②❡♥❧❡?❡❦✿

C+
1 = D1

C−1 = D6X

C+
2 = D3

C−2 = D4XY +D6X = X(D4Y +D6)

C+
3 = D4D5XY +D4D5Y = D4D5(XY + Y )

C−3 = D6

X1 = D2D5Y

X0 = D2D5

Y0 = D1

Y1 = D6

▲B?❤❛?E✱ ❤♦❣② ❛ C+
3 ♣❛I❛♥❝8 ♣I♦❜❧7♠B8 ❧❡❤❡?✳ ❆ D4D5X I788③❡❧ ♥✐♥❝8 ♣I♦❜❧7♠❛✱ ❛③ ❝8❛❦ ❛ ✻✳

O?❡♠❜❡♥ B❧❧ ❢❡♥♥✱ 78 ❛❦❦♦I ❦✐ ✐8 ❦❡❧❧ ❦O❧❞❡♥✐ ❛ C3 ❤❡♥❣❡I?✳ ❆③♦♥❜❛♥ ❧B?❤❛?E✱ ❤♦❣② ❛ D4D5XY
♣❛I❛♥❝8 ❛③♦♥❜❛♥ ❦7? ❤❡❧②❡♥ ✐8 ❢❡♥♥B❧❧❤❛?✱ ✶✳ 78 ✸✳ O?❡♠❡❦♥7❧✳

❆③ ✶✳ O?❡♠♥7❧ ❛③ ❞5♥?✐ ❡❧✱ ❤♦❣② ❦✐❦O❧❞❥O❦✲❡ ❛ C3 ❤❡♥❣❡I?✱ ❤♦❣② ❛ D2 ✈❛❣② ❛ D4 ✈7❣B❧❧B8✲

❦❛♣❝8♦❧E ❛❦?✐✈B❧E❞✐❦✲❡ ❡❧➤❜❜✳ ❍❛ C1 ❤❡♥❣❡I ❡❧➤❜❜ 7I ❦✐✱ 78 ♠❡❣♥②♦♠❥❛ D2✲?✱ ❆❦❦♦I ❜❡WIE❞✐❦ ❛③

❳ ♠❡♠EI✐❛8③❡❧❡♣✳ ❊③✉?B♥ ❛ C2 ❡❧7I✐ D4 ✈7❣B❧❧B8❦❛♣❝8♦❧E?✱ 78 ❡③③❡❧ ?❡❧❥❡8O❧ ❛ C+
3 = D4D5XY

❢❡❧?7?❡❧✱ ?❡❤B? ❦✐❛❞E❞✐❦ ❛ C+
3 ✳ ❊③? ♥❡♠ 8③❡I❡?♥7♥❦✱ ♥7③③O❦ ♠❡❣✱ ♠✐ ?5I?7♥✐❦✱ ❤❛ C2 ❤❡♥❣❡I 7I

❦✐ ❡❧➤❜❜✳ ❆❦❦♦I ❡❧➤8③5I ❛ D4 ❛❦?✐✈B❧E❞✐❦✱ 78 ❡③B❧?❛❧ ❦✐❛❞E❞✐❦ C−2 ✱ ❛♠✐♥❡❦ ❦✐ ✐8 ❦❡❧❧ ❛❞E❞♥✐❛✳

❊③✉?B♥ ❜❡7I ❛ C1 ❤❡♥❣❡I✱ 78 ❛❦?✐✈B❧❥❛ D2✲?✱ ❛♠✐ ❜❡WI❥❛ ❛③ ❳ ♠❡♠EI✐❛8③❡❧❡♣❡?✳ ❍❛ ❡❧7❣ ✐❞➤ ?❡❧✐❦

❡❧ ❛ ❦7? ❤❡♥❣❡I ❜❡7I78❡ ❦5③5??✱ ❛❦❦♦I ❛ C+
3 ♣❛I❛♥❝8 ♥❡♠ ❛❞E❞✐❦ ❦✐✳ ❚❡❤B? ✐?? ♠❡❣ ?✉❞❥✉❦ ♦❧❞❛♥✐

❛ ♣I♦❜❧7♠B? ❛③③❛❧✱ ❤❛ ❛ 8③❡❧❡♣❡❦ 8❡❜❡887❣7? ♠❡❣❢❡❧❡❧➤❡♥ B❧❧W?❥✉❦ ❜❡✳ ❆ 8❡❜❡887❣❜❡B❧❧W?B8IE❧ ❛

❦78➤❜❜✐❡❦❜❡♥ ❧❡8③ 8③E I78③❧❡?❡8❡♥✳

❆ ✸✳ O?❡♠♥7❧ ♥❡♠ ♦❦♦③♥❛❦ ♣I♦❜❧7♠B? ❛③ ❡❣②8③❡II❡ ✈B❧?E ✈7❣B❧❧B8❦❛♣❝8♦❧E❦✳ ■?? ❛ D5 ❛❦?W✈✱

❤✐8③❡♥ ❛ C3 ❤❡♥❣❡I? ♠7❣ ♥❡♠ ♠♦③❞W?♦??✉❦ ❡❧✳ ❆ C2 ❤❡♥❣❡I ❜❡7I78❡ ❛❦?✐✈B❧❥❛ ❛ D4✲❡?✱ W❣②

❦✐❛❞E❞✐❦ ❛ C+
3 ♣❛I❛♥❝8✳ ✭❳ ✐8 ❢♦❧②❛♠❛?♦8❛♥ ❛❦?W✈✳✮ ▼✐✉?B♥ ❦✐❛❞?✉❦ ❛ ♣❛I❛♥❝8♦?✱ ❛ ❤❡♥❣❡I

❡❧✐♥❞✉❧✱ 78 ❢❡❧❡♥❣❡❞✐ ❛ D5 ✈7❣B❧❧B8❦❛♣❝8♦❧E?✳ ❚❡❤B? ❧B?❤❛?E✱ ❤♦❣② ❛ ✈7❣B❧❧B8❦❛♣❝8♦❧E❦ ❡❣②8③❡II❡

✈B❧?B8❛ ♥❡♠ ♦❦♦③ ♣I♦❜❧7♠B?✱ ♠❡I? ❛③ ❡❣②✐❦ ✈B❧?B8❛ ♦❦♦③ ❡❣② ❤❡♥❣❡I♠♦③❣B8?✱ ❛♠✐ ♠✐❛?? ✈B❧?♦③✐❦

❛ ♠B8✐❦ ✈7❣B❧❧B8❦❛♣❝8♦❧E B❧❧❛♣♦?❛✳

❆ I❛❥③♦❦ B??❡❦✐♥?❤❡?➤87❣❡ 7I❞❡❦7❜❡♥ ❡❣②8③❡I➯8W?❡?? ❥❡❧❡❦❡? ❛❧❦❛❧♠❛③✉♥❦✱ ❧❞✳ ✶✳✸✷ B❜I❛

A

B
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B

A

K

K = A*B

K = A+B

KAK = A

memória
0
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X
0

1
X

X

X

✶✳✸✷✳ B❜I❛✳ ❊❣②8③❡I➯8W?❡?? ❥❡❧5❧78❡❦

❆③ ❛❧❛♣❡❧✈❡❦ ?5♠5I❡♥✿
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• ▼✐✈❡❧ AB❦DEF❡♥ ♠♦③❣✉♥❦✱ ❝F❛❦ ❡❣② ♠❡♠QD✐❛ ♠♦③♦❣ ❡❣②F③❡DD❡✱ ❛♠✐ ♠❡❣❦E♥♥②RA✐ ❛③ B③❡♠✲

❜✐③A♦F ♠➯❦E❞VF A❡D✈❡③VFVA

• ❊③ A✉❧❛❥❞♦♥❦V♣♣❡♥ ❦VA AY❜❧Y③❛A✱ ❛③ ❡❣②✐❦ ❛ ❤❡♥❣❡D♠♦③❣YF♦❦❛A RD❥❛ ❧❡✱ ❛ ♠YF✐❦ ❛ ♠❡♠QD✐❛

♣❛D❛♥❝F♦❦❛A✳

• 2n; n = 1, 2, 3, ... F③Y♠[ ♠❡③➤A ❧❡❤❡A EFF③❡✈♦♥♥✐✳

• ❆③ ❛③♦♥♦F ♣❛D❛♥❝F♦❦❛A A❛DA❛❧♠❛③Q VF ❛③ BD❡F ♠❡③➤❦❡A ❢❡❧ ❧❡❤❡A ❤❛F③♥Y❧♥✐ ❛③ ❡❣②F③❡D➯FR✲

AVF♥V❧✱ ❛❦YD AE❜❜F③ED ✐F✳
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▼34 ♥6✈❡♥ ❧6♣;❡;➤❧3♥❝ ✈❛❣② ❦B✈❡;➤❧3♥❝✳ ❆③ ❡❧➤③➤ ;❡D✈❡③64✐ ♠G❞4③❡D❡❦ ♠✐♥❞❡❣②✐❦❡ ✐❣6♥②❡❧; ;B❜❜✲

❦❡✈❡4❡❜❜ ❣♦♥❞♦❧❦♦❞34;✳ ❆ ❦B✈❡;❦❡③➤ ♠G❞4③❡D ❝4❛❦ ♠✐♥✐♠3❧✐4❛;✳ ❆ ❧6♣;❡;➤ D❡❣✐4③;❡D❡❦ ❡4❡;6♥

♥❡♠ ❛ ♠✐♥✐♠3❧✐4 ❡❧❡♠4③3♠D❛ ;BD❡❦4③L♥❦✱ ♠✐♥; ❛③ ❡❞❞✐❣✐ ♠G❞4③❡D❡❦ ❡4❡;6♥✳ ❊♥♥6❧ ❛ ♠❡❣♦❧❞34♥3❧

♠✐♥❞❡♥ ♠✉♥❦❛❤❡♥❣❡D ♣❛D❛♥❝4❤♦③ ❤♦③③3D❡♥❞❡❧L♥❦ ❡❣② ♠❡♠GD✐❛4③❡❧❡♣❡;✳ ■;; ❛③ ❛❧❛♣❣♦♥❞♦❧❛;

4③❡D✐♥; ♠✐♥❞❡♥ ❡❣②❡4 ❜❡♠❡♥❡;✐ ✈❡③6D❧➤❥❡❧❡; ❡❣② ♠❡♠GD✐❛❦❛♣❝4♦❧G♥ ✈❡③❡;L♥❦ ❦❡D❡4③;L❧ Q❣②✱ ❤♦❣②

❛③ ❡❧➤③➤ L;❡♠ ♣❛D❛♥❝4❥❡❧❡ ❡❣② ➱❙ ❦❛♣❝4♦❧G♥ ❦❡D❡4③;L❧ ❡❧➤❦64③R;✐ ❛ ❜❡♠❡♥❡;❡; ❛ ❥❡❧ ❢♦❣❛❞343D❛✳

▼❛❥❞ ❛♠✐❦♦D ❛ ♣❛D❛♥❝4 ✈6❣D❡❤❛❥;G❞♦;; 64 ♠❡❣❥B♥ ❛③ ❛❦;✉3❧✐4 ✈6❣3❧❧34❦❛♣❝4♦❧G ❥❡❧❡✱ ❛③ ❜❡RD❥❛ ❛

♣❛D❛♥❝4♦; ❛ ♠❡♠GD✐3❜❛✳ ❊③ ❛ ♣❛D❛♥❝4 ❛③;3♥ ;BD❧✐ ❛③ ❡❧➤③➤ ♠❡♠GD✐3;✱ ❛③❛③ ♣❛D❛♥❝4♦;✳

❮❣② ♠✐♥❞❡♥ ♣❛D❛♥❝4 ❝4❛❦ ❡❣② L;❡♠ ❤♦44③Q ❧❡4③✱ 64 ♥❡♠ ;✉❞ ♣D♦❜❧6♠3; ♦❦♦③♥✐✳ ❆③ ❛❧❛♣❡❧❡♠

❛③ ✶✳✸✷ 3❜D3♥ ❧3;❤❛;G✱ B44③❡6♣R;✈❡ ♣❡❞✐❣ ❛③ ✶✳✸✸ 3❜D3♥✳ ▼✐ ✈❛♥ ❛③ ❡❧❡❥6♥ 64 ❛ ✈6❣6♥❄ ❆ ❝✐❦❧✉4

✉;♦❧4G ♣❛D❛♥❝4❛ ❛❦;✐✈3❧❥❛ ❛③ ❡❧4➤;✱ ❛③ ❡❧4➤ ♣❡❞✐❣ ;BD❧✐ ❛③ ✉;♦❧4G;✳
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❋♦♥*♦/ ❧❡❤❡*✱ ❤♦❣② ❡❣② ❣♦♠❜♥②♦♠#/%❛ /③❛❦❛❞❥♦♥ ♠❡❣ ❛ ♠➯❦=❞(/ ✭❛③❛③ ♥❡ ♠❡♥❥❡♥ *♦✈#❜❜ ❛

❝✐❦❧✉/✮✳ ❊③* ❡❣② ❱❆●❨ ❡❧❡♠ ✐♥*❡❣%#❧#/#✈❛❧ ❦=♥♥②❡♥ ❡❧ ❧❡❤❡* (%♥✐✱ ❧❞✳ ✶✳✸✹ #❜%❛✳ ❆③ #❧*❛❧#♥♦/

❧(♣*❡*➤❦❛♣❝/♦❧#/* ♣❡❞✐❣ ❛③ ✶✳✸✹ #❜%❛ ♠✉*❛*❥❛✳

❚❡❦✐♥*/G❦ ❛ /③♦❦#/♦/ ❛❧❛♣♣(❧❞#♥❦❛* ✭❧❞✳ ✶✳✸✹✱ ❦=✈❡*➤ ❞✐❛❣%❛♠❥❛✮✳ ❊❧➤/③=% ♠❡❣ ❦❡❧❧ #❧❧❛♣H*❛♥✐✱

❤#♥② G*❡♠❜➤❧ #❧❧ ❛ ❝✐❦❧✉/✱ (/ ❛♥♥②✐ ❡❧❡♠❡* =//③❡(♣H*❡♥✐✳ ❋♦♥*♦/ ❦✐❡❣(/③H*(/❡❦✿

• ❆ ❧(♣*❡*➤ ❡❣②/(❣❡❦❡* J❣② ❦❡❧❧ ❜❡(♣H*❡♥✐✱ ❤♦❣② ❛ ♠❡♠K%✐#❦ *=%=❧✈❡ ❧❡❣②❡♥❡❦✳ ❊❧❧❡♥❦❡③➤

❡/❡*❜❡♥ ✈(❧❡*❧❡♥/③❡%➯ ♠♦③❣#/♦❦ ❥=❤❡*♥❡❦ ❧(*%❡✳

• ❊❜❜➤❧ ✈✐/③♦♥* ❛③ ❦=✈❡*❦❡③✐❦✱ ❤♦❣② ❛③ ❡❧/➤ ♣❛%❛♥❝/♥❛❦ ♥✐♥❝/ ❡❧➤❦(/③H*➤ ❥❡❧❡✳ ❊③(%* ❜❡ ❦❡❧❧

*❡♥♥✐ ❡❣② ❦G❧/➤ ✐♥❞H*K* ❛③ ❡❧/➤ ✐♥❞H*#/❤♦③✱ ❛♠✐* ❝/❛❦ ❛ *❡%✈❡③➤ ✐/♠❡%✳

• ▼✐♥❞✐❣ ❦❡❧❧ ❡❣② ❙*❛%*✲❙*♦♣ ❣♦♠❜✱ ❛♠✐* ❛③ ❡❧/➤ ❛❦*✐✈#❧K ❥❡❧❧❡❧ ➱❙ ❦❛♣❝/♦❧❛*❜❛ ❦❡❧❧ ❤♦③♥✐✳
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✶✳✸✺✳ 5❜7❛✳ ➪❧;❛❧5♥♦> ❧?♣;❡;➤❦❛♣❝>♦❧5> ❡❣②>③❡7➯>I;❡;; 5❜75③♦❧5>>❛❧

• ❆ ❦J❧>➤ ;K7❧?> ❢❡❧❤❛>③♥5❧❤❛;N ❱➱❙❩ ❙❚❖) ❢✉♥❦❝✐N7❛✳ ❍❛ ❝>❛❦ ❛ ❧?♣;❡;➤ ❡❣②>?❣❡❦❡; ;K7❧K♠✱

❛❦❦♦7 ❛③ ?♣♣❡♥ ♠♦③❣N ❞✉❣❛;;②X ✈?❣✐❣♠❡❣②✱ ?> ❛ ❦K✈❡;❦❡③➤ J;❡♠ ✐> ❡❧✐♥❞✉❧✳

• ❆③; ✐> ♠❡❣ ❧❡❤❡; ;❡♥♥✐✱ ❤♦❣② ❛ ❱➱❙❩ ❙❚❖) ♠➯❦K❞?>?7❡ ❛③ K>>③❡> ✭✈❛❣② ❜✐③♦♥②♦> >③5♠X✮

❤❡♥❣❡7 ✈✐>>③❛♠❡♥❥❡♥ ❛ ❦✐✐♥❞✉❧N 5❧❧❛♣♦;5❜❛ ✭❛❦57 ❛❦❦♦7 ✐>✱ ❤❛ ❛ ♠❡❣>③❛❦I;♦;; J;❡♠❜❡♥

?♣♣❡♥ ❛③ ❡❧❧❡♥❦❡③➤ ✐75♥②❜❛ ♠♦③❣♦;;✮✳ ❊❤❤❡③ ❝>❛❦ ❛ ♠❡❣❢❡❧❡❧➤ ❤❡♥❣❡7✈❡③?7❧➤ ❜❡♠❡♥❡;❡❦7❡

❦❡❧❧ ❱❆●❨ ❦❛♣❝>♦❧N; ?♣I;❡♥✐✳ ❆ ♣?❧❞5❜❛♥ ❛③ ❡❧➤I75>❛ C−1 ✳

❆③ ❡❣②>③❡7➯>I;❡;; 5❜75③♦❧5>; ❛③ ✶✳✸✺ ♠✉;❛;❥❛✳

❆ ❧?♣;❡;➤7❡❣✐>③;❡7 ❛❧❦❛❧♠❛③5>5♥❛❦ ❡❧➤♥②❡✐ ❛ ❦K✈❡;❦❡③➤❦✿

• ❑K♥♥②❡❜❜❡♥ ❢❡❧?♣I;❤❡;➤❡❦ ❛ ❦❛♣❝>♦❧5>♦❦✳

• ❘✉❣❛❧♠❛>❛❜❜✱ ♠✐♥; ❛ ✜① ❡❧❡♠❡❦❦❡❧ ❢❡❧?♣I;❡;; ❦❛♣❝>♦❧5>♦❦✳

❍5;75♥②❛✐✿

• ❏N✈❛❧ ❞75❣5❜❜✱ ♠✐♥; ❛ ✜① ❡❧❡♠❡❦❦❡❧ ❢❡❧?♣I;❡;; 7❡♥❞>③❡7✳ ➱♣♣❡♥ ❡③?7; ❛❦❦♦7 ❛❧❦❛❧♠❛③③✉❦✱

❛♠✐❦♦7 ❢♦♥;♦> ❛ 7❡♥❞>③❡7 ❦K♥♥②➯ ?> ❣②♦7> 5;❛❧❛❦I;❤❛;N>5❣❛✱ 7✉❣❛❧♠❛>>5❣❛✳ ✭)?❧❞5✉❧ ♥❡♠

❛❧❦❛❧♠❛③③✉❦✱ ❤❛ ❡❣② ♦❧②❛♥ ❣?♣❡; ?♣I;J♥❦✱ ❛♠✐ ;K❜❜ ?✈✐❣ ✉❣②❛♥❛③; ❛ ❢♦❧②❛♠❛;♦; ✈?❣③✐✳✮



✶✳✺✳ ❑$❱❊❚➂❉■❆●❘❆▼ ▼❊●❱❆▲0❙❮❚➪❙❆ ▲➱5❚❊❚➂ ❘❊●■❙❩❚❊❘ ❙❊●❮❚❙➱●➱❱❊▲✷✾

✶✳✺✳✶✳ ❑✐❡❣'(③*+➤ ❡❧❡♠❡❦

• ❙❡❜❡;;<❣ ❜❡>❧❧@A>;❛✿
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✶✳✸✻✳ >❜F❛✳ ❙❡❜❡;;<❣ ❜❡>❧❧@A>;

❆ ❢♦❥AJ✲✈✐;;③❛❝;❛♣J ;③❡❧❡♣ ♠➯❦T❞<;❡✿ ▼✐♥A ❛③ ✶✳✸✻✳ >❜F>♥ ✐; ❧>A❤❛AJ ❡③ ❛ ;③❡❧❡♣ ❡❣②

✈✐;;③❛❝;❛♣J ;③❡❧❡♣ <; ❡❣② >❧❧@A❤❛AJ ❢♦❥A>; ♣>F❤✉③❛♠♦; ❦❛♣❝;♦❧>;>❜J❧ ❥TAA ❧<AF❡✳ ❆♠❡♥♥②✐✲

❜❡♥ ❛③ ❆ >❣❜❛♥ ♥❛❣②♦❜❜ ❛ ♥②♦♠>;✱ ❛ ✈✐;;③❛❝;❛♣J ;③❡❧❡♣ ③>F✈❛ ♠❛F❛❞✱ @❣② ❛ ❦T③❡❣♥❡❦

❛ ❢♦❥A>;♦♥ ❦❡F❡;③A[❧ ❦❡❧❧ >F❛♠♦❧♥✐❛✳ ❍❛ ❛ ❇ >❣❜❛♥ ♥❛❣②♦❜❜ ❛ ♥②♦♠>;✱ ❛❦❦♦F ❛ ❢♦❧②❛❞<❦

❛ ❦✐;❡❜❜ >F❛♠❧>;✐ ❡❧❧❡♥>❧❧>; ❢❡❧< ❢♦❣ >F❛♠❧❛♥✐✱ A❡❤>A ❛ ♥❛❣②♦❜❜ ♥②♦♠>; >❧A❛❧ ❦✐♥②✐A♦AA

✈✐;;③❛❝;❛♣J ;③❡❧❡♣❡♥ ❦❡F❡;③A[❧✳ ❊❜❜❡♥ ❛③ ✐F>♥②❜❛♥ ❡❧♠<❧❡A✐❧❡❣ ❛❦❛❞>❧②A❛❧❛♥✉❧ >F❛♠❧✐❦ ❛

♠✉♥❦❛❢♦❧②❛❞<❦✳ ❆ ❢♦❥AJ✲✈✐;;③❛❝;❛♣J ;③❡❧❡♣❡A ❛ ♠✉♥❦❛❤❡♥❣❡F ✈❡③<F❧➤;③❡❧❡♣ <; ❛ ♠✉♥❦❛❤❡♥✲

❣❡F ❜❡♠❡♥❡A❡ ❦T③< ❜❡✐❦A❛A✈❛ ❛ ❢♦❥A>; >❧❧@A>;>✈❛❧ ✈>❧A♦③A❛A❤❛A❥✉❦ ❛ ♠✉♥❦❛❤❡♥❣❡F ♠♦③❣>;✐

;❡❜❡;;<❣<A✳ ❆ ;③❡❧❡♣❡A ♠✐♥❞✐❣ ❛❜❜❛ ❛③ >❣❜❛ <♣@A❥[❦✱ ❛♠❡❧②❜❡♥ ❛ ♠✉♥❦❛❤❡♥❣❡F❜➤❧ ❦✐❢❡✲

❧< >F❛♠❧✐❦ ❛ ♠✉♥❦❛❢♦❧②❛❞<❦✱ ❛♠✐❦♦F ❛ ♠✉♥❦❛❤❡♥❣❡F ❛ ❜❡>❧❧@A❛♥✐ ❦@✈>♥A ✐F>♥②❜❛ ♠♦③♦❣✳

❊③❡♥❢❡❧[❧ ❛ ;③❡❧❡♣ _❣② <♣@A❡♥❞➤ ❜❡✱ ❤♦❣② ❛ ❦✐❢❡❧< >F❛♠❧J ❦T③❡❣ ❛ ❢♦❥A>;♦♥ ❤❛❧❛❞❥♦♥ >A✳

$;;③❡❢♦❣❧❛❧✈❛ ♠✐♥❞✐❣ ❛ ❦✐❢❡❧< >F❛♠❧J ♠✉♥❦❛❢♦❧②❛❞<❦♦A ❢♦❥A❥✉❦✳ ❆♠❡♥♥②✐❜❡♥ ❛ ♠✉♥❦❛❤❡♥✲

❣❡F ♠>;✐❦ A<FF<;③<❜❡ ❜❡>F❛♠❧J ❦T③❡❣❡A ❢♦❥A❛♥>♥❦✱ ✐♥;A❛❜✐❧ ❧❡♥♥❡ ❛ ♠➯❦T❞<;✳

• ❑<;❧❡❧A❡A<;✴♥②♦♠>;❧❡❦❛♣❝;♦❧>;✿

❑<;❧❡❧A❡A➤✲;③❡❧❡♣✿ ▼✐♥A ❛ ♥❡✈❡ ✐; ♠✉A❛A❥❛ ❡③③❡❧ ❛ ;③❡❧❡♣♣❡❧ ✈❛❧J;@A❤❛A❥✉❦ ♠❡❣ ♣<❧❞>✉❧ ❡❣②

♠✉♥❦❛[A❡♠ ❦<;❧❡❧A❡A<;<A✱ ❛♠❡♥♥②✐❜❡♥ ❡FF❡ ✈❛❧❛♠✐❧②❡♥ ♦❦❜J❧ ;③[❦;<❣[♥❦ ✈❛♥✳ ❆♠✐❦♦F ❛

❦<;❧❡❧A❡A➤ ;③❡❧❡♣ ❜❡♠❡♥❡A<♥ ♠❡❣♥➤ ❛ ♥②♦♠>;✱ ❛ ♠✉♥❦❛❢♦❧②❛❞<❦ ❝;❛❦ ❛ ❢♦❥A>;♦♥ ❦❡F❡;③A[❧

A✉❞ >A>F❛♠❧❛♥✐✳ ❆ ❢♦❥A>;♦♥ ❝;❛❦ ❦✐; ♠❡♥♥②✐;<❣➯ ❦T③❡❣ A✉❞ >A>F❛♠❧❛♥✐✱ ❛♠✐♥❡❦ ❛ ♥②♦♠>;❛

♥❡♠ ❡❧❡❣❡♥❞➤ ❛ ♠♦♥♦;A❛❜✐❧ ;③❡❧❡♣ >A❜✐❧❧❡♥A<;<❤❡③✳ ❮❣② ❛ ❦T③❡❣ ❛ A❛FA>❧②❜❛ ❢♦❣ >F❛♠❧❛✲

♥✐✱ ♠❛❥❞ ✈❛❧❛♠❡♥♥②✐ ✐❞➤ ✉A>♥ ♠❡❣♥➤ ❛♥♥②✐F❛ ❛ ♥②♦♠>;✱ ❤♦❣② >A❦❛♣❝;♦❧❥❛ ❛ ♠♦♥♦;A❛❜✐❧

;③❡❧❡♣❡A✳ ❆ ;③❡❧❡♣ ❛③ >A❦❛♣❝;♦❧>; ✉A>♥ T;;③❡❦TA✐ ❛ ❦<;❧❡❧A❡A➤ ;③❡❧❡♣ ❜❡♠❡♥❡A<A ❛ ❦✐♠❡♥❡✲

A<✈❡❧✳ ❆ A❛FA>❧② ❢❡❧AT❧A➤❞<;<✈❡❧ ❡❧A❡❧A ✐❞➤ ♠✐❛AA ❛ ❦✐♠❡♥❡A❡♥ ❝;❛❦ ❦<;❧❡❧A❡A✈❡ ❥❡❧❡♥✐❦ ♠❡❣ ❛

❜❡<F❦❡③➤ ♥②♦♠>;✳ ❆ ♥②♦♠>;❧❡❦❛♣❝;♦❧>; ✉❣②❛♥@❣② ♠➯❦T❞✐❦✱ ❛③③❛❧ ❛ ❦[❧T♥❜;<❣❣❡❧✱ ❤♦❣② ❛

❜❡<♣@A❡AA ✸✴✷✲❡; ♠♦♥♦;A❛❜✐❧ ❦<A ❧❡❤❡A;<❣❡; >❧❧>;>A ❢❡❧❝;❡F<❧❥[❦✳ ❊③③❡❧ ❛③A <FA[❦ ❡❧✱ ❤♦❣② ❤❛

❜✐③♦♥②♦; ✐❞❡✐❣ <❧ ❛ ❜❡♠❡♥➤ ❥❡❧✱ ❛❦❦♦F ❢❡❧A❡❧✐❦ ❛ A❛FA>❧② ❛ ❢♦❥A>;♦♥ ❦❡F❡;③A[❧✱ <; >A❜✐❧❧❡♥A✐ ❛

❦❛♣❝;♦❧JA✱ ❛♠✐ ♠❡❣;③❛❦@A❥❛ ❛ ❦✐♠❡♥❡A❡A✳
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✶✳✸✼✳ 4❜6❛✳ ❑89❧❡❧<❡<89 ✶✳✸✽✳ 4❜6❛✳ ◆②♦♠49❧❡❦❛♣❝9♦❧49

• ❇✐③<♦♥94❣✐ ❦8<❦❡③❡9 ✐♥❞J<49 ❊③ ❛ ❦✐❛❧❛❦J<49 ❜✐③<♦♥94❣✐ ❦K✈❡<❡❧♠8♥② ❧❡❤❡<✳ ❆ ❝8❧ ❛ ❦K✲

✈❡<❦❡③➤✿ ❑8< ❦❛♣❝9♦❧Q ❡❣② ✐❞➤❜❡♥ <K6<8♥➤ ❧❡♥②♦♠49❛ ✐♥❞J<9❛ ❛ 6❡♥❞9③❡6R♥❦❡<✴❣8♣R♥❦❡<✱

❛♠✐❦❡< ❡❣②♠49<Q❧ ♦❧②❛♥ <4✈♦❧94❣6❛ 8♣J<R♥❦ ❜❡✱ ❤♦❣② ❡❣② ❡♠❜❡6 ✜③✐❦❛✐❧❛❣ ❦8♣<❡❧❡♥ ❧❡❣②❡♥

♠➯❦K❞<❡<♥✐✳ ❮❣② ❦8< ❡♠❜❡6 K99③❡❤❛♥❣♦❧< ❣♦♠❜♥②♦♠49❛ ✐♥❞J<✱ <❡❤4< ❝9K❦❦❡♥<❡<<R❦ ❜❛❧❡9❡<

❦♦❝❦4③❛<4<✳ ❍❛ ❝9❛❦ ❡❣②9③❡6➯❡♥ ❦8< ❦8③✐ ❦❛♣❝9♦❧Q< ➱❙ ❦❛♣❝9♦❧❛<❜❛ ❤♦③♥4♥❦✱ 89 ❡③ ✐♥❞J✲

<❛♥✐ ❛ ❝✐❦❧✉9<✱ ❛③③❛❧ ♥❡♠ 86♥8♥❦ ❡❧ ❛ ❝8❧<✳ ■❧②❡♥ ❡9❡<❜❡♥ ❡❧8❣ ❧❡♥♥❡✱ ❤❛ ❛③ ❡❣②✐❦ ❦❛♣❝9♦❧Q<

✜③✐❦❛✐❧❛❣ ❦✐8❦❡❧♥8 ✈❛❧❛❦✐ ✭♣❧✳ ❡❣② ♠❡❣❢❡❧❡❧➤❡♥ ♥❡❤8③ <46❣②❛< <❡9③ 64✮✱ ❛❦❦♦6 9③✐♠♣❧4♥ ❛

♠49✐❦ ❦❛♣❝9♦❧Q ❧❡♥②♦♠49❛ ✐♥❞J<❛♥4 ❛ ❝✐❦❧✉9<✳ ❚❡❤4< ♠❡❣ ❦❡❧❧ ♦❧❞❛♥✐✱ ❤♦❣② ❤❛ <❛6<Q9❛♥

♠❡❣ ✈❛♥ ♥②♦♠✈❛ ❛ ❦❛♣❝9♦❧Q✱ ❛❦❦♦6 ♥❡ ✐♥❞J<9❛ ❛ ❝✐❦❧✉9<✳ ❊③< ❛③ ❡❧➤③➤❡❦❜❡♥ ♠❡❣✐9♠❡6<

♥②♦♠49❧❡❦❛♣❝9♦❧49 9❡❣J<98❣8✈❡❧ ♦❧❞❤❛<❥✉❦ ♠❡❣ ❛③ ✶✳✸✾✳ 4❜64♥ ❧4<❤❛<Q ♠Q❞♦♥✳

rendszer 

ind�tása

✶✳✸✾✳ 4❜6❛✳ ❇✐③<♦♥94❣✐ ❦8<❦❡③❡9 ✐♥❞J<49

• ▲❡✈❡❣➤ ❡❧➤❦89③J<89
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✶✳✻✳ #$$③❡♥②♦♠❤❛-. ❦0③❡❣ 23❛♠❧2$❛ ❢♦❥-2$♦♥ ❦❡3❡$③-7❧

❆ ♣♥❡✉♠❛>✐❦✉A B❡♥❞A③❡B❡❦ ♠➯❦F❞GAG❤❡③ >❛B>I❧②♦❦❜❛♥ >IB♦❧> ✭❦♦♠♣B❡AA③♦B♦❦❦❛❧ ❡❧➤I❧❧P>♦>>✮ A➯✲

BP>❡>> ❧❡✈❡❣➤B❡ ✈❛♥ A③U❦AG❣U♥❦✳ ❆③ ❛❧I❜❜✐❛❦❜❛♥ ❛BB❛ ❛ ❦GB❞GAB❡ ❦❡B❡AAU❦ ❛ ✈I❧❛A③>✱ ❤♦❣② ❛❞♦>> pt
♥②♦♠IAW GA Tt ❤➤♠GBAG❦❧❡>➯ >❛B>I❧②❜X❧ ♠✐❧②❡♥ ❧❡✈❡❣➤✲>F♠❡❣IB❛♠❤♦③ ✈❛❣②✉♥❦ ❦G♣❡A❡❦ ❤♦③③I❥✉>✲

♥✐✱ ❛♠❡♥♥②✐❜❡♥ p1 ✭❥❡❧❧❡♠③➤❡♥ ❧G❣❦FB✐✮ ♥②♦♠IAB❛ ❡①♣❛♥❞I❧❥✉❦ ❛ ❦F③❡❣❡> ❡❣② A ❦❡B❡A③>♠❡>A③❡>➯

❢W✈X❦I♥ ✭❢♦❥>IA♦♥✮ ❦❡B❡A③>U❧✳

✶✳✻✳✶✳ ❚❡%♠♦❞✐♥❛♠✐❦❛✐ -..③❡❢1❣❣3.❡❦

❱✐③A❣I❧❥✉❦ ❡❣② ✐❞❡I❧✐A ❣I③ ✐③❡♥>BX♣✐❦✉A ✭✈❡A③>❡AG❣♠❡♥>❡A✮ IB❛♠❧IAI>✦ ❆ >❡B♠♦❞✐♥❛♠✐❦❛ ■✳ ❢➤>G✲

>❡❧G♥❡❦ GB>❡❧♠G❜❡♥ ❛ ❜❡❧A➤ ❡♥❡B❣✐❛ ♠❡❣✈I❧>♦③IA❛ ❡❣②❡♥❧➤ ❛ ❦F③F❧> ❤➤♠❡♥♥②✐AG❣ GA ❛ B❡♥❞A③❡B❡♥

✈G❣③❡>> ♠✉♥❦❛ FAA③❡❣G✈❡❧✿

dU = δQ+ δW → mcV dT = 0− p dV ✭✶✳✻✮

❆③ ✐❞❡I❧✐A ❣I③ I❧❧❛♣♦>❡❣②❡♥❧❡>G♥❡❦ ✭pV = mRT ✮ ❞✐✛❡B❡♥❝✐I❧IAI✈❛❧ ❦❛♣❥✉❦✱ ❤♦❣②

pdV + V dp = mRdT → dT =
1

mR
(pdV + V dp) , ✭✶✳✼✮

❡③> ❜❡PB✈❛ ❛③ ✶✳✻ ❡❣②❡♥❧❡>❜❡ ❛ ❦F✈❡>❦❡③➤> ❦❛♣❥✉❦✿

mcV (pdV + V dp) = −mRpdV ✭✶✳✽✮

dV

V
+

dp

p
= − R

cV

dV

V
cp
cV

dV

V
= −dp

p

❮❣② log(p) + κ log(V ) = log(pV κ) = konst >❡❤I>

p

ρκ
= konst.

✭✶✳✾✮

❑GA➤❜❜ ❤❛A③♥♦A❛❦ ❧❡A③♥❡❦ ❛③ ❛❧I❜❜✐ FAA③❡❢U❣❣GA❡❦✿

ρ = ρt

(
p

pt

) 1
κ

, T = Tt

(
p

pt

)κ−1
κ

GA a = at

(
p

pt

) 2(κ−1)
κ

✭✶✳✶✵✮

❆③ ❡♥❡B❣✐❛♠❡❣♠❛B❛❞IA ❡❧✈❡ FAA③❡♥②♦♠❤❛>X ❦F③❡❣B❡✿

1

2
v2 + h = konst.→ 0 = vdv + dh = vdv + Tds+

dp

ρ
︸ ︷︷ ︸

dh

= vdv +
dp

ρ
, ✭✶✳✶✶✮

❛❤♦❧ h = cpT ❛③ ❡♥>❛❧♣✐❛✱ v ❛③ IB❛♠❧IA✐ A❡❜❡AAG❣ ✭♥❡♠ ❛ ❢❛❥AW❧②✦✮ GA ❦✐❤❛A③♥I❧❥✉❦✱ ❤♦❣②

✐③❡♥>BX♣✐❦✉A IB❛♠❧IA ❧G✈G♥ ds = 0✳ ■♥>❡❣BI❧✈❛ ❛ ✭✶✳✶✶✮ ♠♦③❣IA❡❣②❡♥❧❡>❡> ❦❛♣>✉❦ GA ❢❡❧❤❛A③♥I❧✈❛

✶✳✾ I❧❧❛♣♦>❡❣②❡♥❧❡>❡> ✭1/ρ = p
1/κ
1 /ρ1p

−1/κ
1 ✮❦❛♣❥✉❦✱ ❤♦❣②

v22 − v21
2

= −
∫ p2

p1

dp

ρ
= −p

1/κ
1

ρ1

p2∫

p1

p−
1
κdp = −p

1/κ
1

ρ1

[
κ

κ− 1
p

κ−1
κ

]p2

p1

✭✶✳✶✷✮

=
p1
ρ1

κ

κ− 1

[

1−
(
p2
p1

)κ−1
κ

]

= RT1
κ

κ− 1

[

1−
(
p2
p1

)κ−1
κ

]
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❮❣②✱ ❛♠❡♥♥②✐❜❡♥ ❛ =❛>=?❧②❜❛♥ ❥B ❦D③❡❧F=GHH❡❧ ③G>✉H ❛ ❦D③❡❣ H❡❜❡HHG❣❡✱ ❛ ❢♦❥=♦== ❦❡>❡H③=♠❡=✲

H③❡=❜❡♥ ❛ H❡❜❡HHG❣

v2

2
=

pt
ρt

κ

κ− 1

[

1−
(
p

pt

)κ−1
κ

]

✭✶✳✶✸✮

❛❤♦❧ p ❛ ❢♦❥=♦== ❦❡>❡H③=♠❡=H③❡=❜❡♥ ♠G>❤❡=➤ ♥②♦♠?H✳

✶✳✻✳✷✳ ❋♦❥'♦'' ()❛♠❧(-

▼♦H= ✐♥❞✉❧❥✉♥❦ ❦✐ ❡❣② ♦❧②❛♥ =❛>=?❧②❜B❧✱ ❛♠❡❧② ❛ ❧G❣❦D>>❡ ❡①♣❛♥❞?❧ ✭p = p0✮ GH ❛ ❦❡③❞❡=✐ =❛>✲

=?❧②♥②♦♠?H H③✐♥=G♥ ❧G❣❦D>✐✱ pt = p0✳ ❊❦❦♦> =❡>♠GH③❡=❡H❡♥ v = 0✳ ❆ =❛>=?❧②♥②♦♠?H= ♥D✈❡❧✈❡ ❛③

?>❛♠❧?H ♠❡❣✐♥❞✉❧ GH ❡❣②>❡ ♥D✈❡❦H③✐❦✱ ❛♠F❣ ❡❧ ♥❡♠ G>✐ ❛ ❤❡❧②✐ ❤❛♥❣H❡❜❡HHG❣❡=✱ ❛③❛③ ❛ ❤❛=?>❤❡❧②✲

③❡=❜❡♥ v2 = κRT ✳
❆③♦♥❜❛♥ ❛ ❦D③❡❣ ❝H❛❦ ❛ ❤❡❧②✐ ❤❛♥❣H❡❜❡HHG❣✐❣ ❣②♦>H✉❧❤❛=✱ ❛③❛③ ❛ ❤❛=?>❤❡❧②③❡=❜❡♥

v2

2
=

κRT

2
=

κR

2
Tt

(
p

pt

)κ−1
κ

=
κRTt

κ− 1

[

1−
(
p

pt

)κ−1
κ

]

✭✶✳✶✹✮

❆ ❢❡♥=✐ ❡❣②❡♥❧❡=❡= ♠❡❣♦❧❞✈❛ ❦❛♣❥✉❦✱ ❤♦❣② ❛ ❦>✐=✐❦✉H ♥②♦♠?H✈✐H③♦♥②

pkrit
pt

=

(
2

κ+ 1

) κ

κ−1

.

✭✶✳✶✺✮

▲❡✈❡❣➤ ❡H❡=G♥ κ = 1.4 ❛ ❦>✐=✐❦✉H ♥②♦♠?H✈✐H③♦♥② G>=G❦❡ 0.528✱ =❡❤?= ❤❛ ❧G❣❦D>>❡ ❡①♣❛♥❞?❧ ❛

❦D③❡❣ GH ❛ =❛>=?❧②♥②♦♠?H ♥❛❣②♦❜❜✱ ♠✐♥= 1/0.528 = 1.89 bar✱ ❛③ ?>❛❧♠?H ❢♦❥=♦==✳ ❆ ♠❛①✐♠?❧✐H

❡❧G>❤❡=➤ H❡❜❡HHG❣

vkrit =
√

κRTkrit = 0.913at.
✭✶✳✶✻✮

✶✳✻✳✸✳ ❚0♠❡❣()❛♠

❆ =❛>=?❧②❜B❧ ❦✐✈❡❤❡=➤ =D♠❡❣?>❛♠

ṁ = CdAρv, ✭✶✳✶✼✮

❛❤♦❧ Cd ❛③ ?=❢♦❧②?H✐ =G♥②❡③➤ ✭=❛♣❛H③=❛❧❛=✐ DHH③❡❢[❣❣GHH❡❧ H③?♠F=❤❛=B ✈❛❣② ♠G>GHH❡❧ ❤❛=?>♦③❤❛=B

♠❡❣✮✱ ρ GH v ❛ ❢♦❥=?H❜❛♥ ♠G>= ♥②♦♠?H GH H❡❜❡HHG❣✱ A ♣❛❞✐❣ ❛ ❢♦❥=?H✐ ❦❡>❡H③=♠❡=H③❡=✳ ❆♠❡♥♥②✐❜❡♥

❛③ ?>❛♠❧?H ♥❡♠ ❢♦❥&♦&& ❛ =D♠❡❣?>❛♠ ❛

ṁ = CdA

√

2κ

κ− 1
ptρt

[

Π
2
κ − Π

κ+1
κ

]

✭✶✳✶✽✮

❦&♣❧❡**❡❧ +③-♠/*❤❛*2✱ ❛❤♦❧ Π = p/pt ❛ ♥②♦♠-+✈✐+③♦♥②✳ ❋♦❥*♦** ❡+❡*❜❡♥ ❛ ❢❡♥*✐ ❦&♣❧❡* ❛

ṁ = CdA

√

κptρt

(
2

κ+ 1

)κ+1
κ−1

✭✶✳✶✾✮

>++③❡❢?❣❣&+A❡ ♠2❞♦+✉❧✳ ❱❡❣②?❦ &+③A❡✱ ❤♦❣② ❢♦❥#♦## ❡%❡#❜❡♥ ❛ #)♠❡❣,-❛♠ ♥❡♠ ❢.❣❣ ❛③ ❛❧✈2③♦❧❞❛❧✐

♥②♦♠,%#6❧ ✭p✲#➤❧✮✦



✶✳✻✳ #❙❙❩❊◆❨❖▼❍❆❚. ❑#❩❊● ➪❘❆▼▲➪❙❆ ❋❖❏❚➪❙❖◆ ❑❊❘❊❙❩❚6▲ ✸✸

✶✳✹✵✳ :❜<❛✳ ❚>♠❡❣:<❛♠ ❛ ♥②♦♠:E✈✐E③♦♥② ❢J❣❣✈K♥②K❜❡♥✳ ❆❞❛M♦❦✿ Cd = 0.8✱ κ = 1.4✱ Tt =
293K✱ R = 287 J/kg/K✱ ❢♦❥M:E :M♠K<➤✿ 1mm✳ ❋♦❥M♦MM :<❛♠❧:E ❛ ♣✐<♦E ❢J❣❣➤❧❡❣❡E E③❛❣❛M♦MM

✈♦♥❛❧♥:❧ ♥❛❣②♦❜❜ M❛<M:❧②♥②♦♠:E♦❦ ❡E❡MK♥ ❧K♣ ❢❡❧✳

➱<❞❡♠❡E ♠❡❣❥❡❣②❡③♥✐✱ ❤♦❣② ♠✐✈❡❧ ρt = pt/(RTt)✱ ❛ ♠✐♥❞❦KM ❡❣②❡♥❧❡M❜❡♥ E③❡<❡♣❧➤

√
ptρt M❛❣

W<❤❛MX pt/
√
RTt ❛❧❛❦❜❛♥✱ ❛③❛③ ❛♠❡♥♥②✐❜❡♥ ❛ M❛<M:❧② :❧❧❛♥❞X ❤➤♠K<EK❦❧❡M➯✱ ❛ ♥②♦♠:EE❛❧ ✲ ❢♦❥M♦MM

❡E❡M❜❡♥ ✲ ❧✐♥❡:<✐E❛♥ ♥>✈❡❦E③✐❦ ❛ ❧❡✈❡❤❡M➤ M>♠❡❣:<❛♠✳ ❊③ ❛ ❥❡❧❡♥EK❣ ❥X❧ ♠❡❣✜❣②❡❧❤❡M➤ ❛③ ✶✳✹✵✳

:❜<:♥✳

❚❡❦✐♥MEJ♥❦ ❡❣② ♣K❧❞:M✿ Tt = 293K✱ κ = 1.4✱ R = 286 J
kgK

✱ p0 = 1bar✱ dcrit = 5mm

Acrit =
52·π
4

= 19.6mm2

• pt = 1.5 bar → ♥❡♠ ❢♦❥M♦MM :<❛♠❧:E

v2

2
= κRT

2
= κR

2
Tt

(
p
pt

)κ−1
κ

= κRTt

κ−1

[

1−
(

p
pt

)κ−1
κ

]

= 1.4·283·293
1.4−1

[

1−
(

1
1.5

) 1.4−1
1.4

]

= 32083

v =
√
2 · 32083 = 253.3m

s

• pt = 3 bar → ❢♦❥M♦MM :<❛♠❧:E

v = a = 0.913 ·
√
κ ·R · Tt = 0.913 ·

√
1.4 · 286 · 293 = 312.7m

s



✸✹ ✶✳ ❋❊❏❊❩❊❚✳ )◆❊❯▼❆❚■❑❯❙ ❘❊◆❉❙❩❊❘❊❑

✶✳✼✳ ●②❛❦♦(❧* ❢❡❧❛❞❛.♦❦

✶✳ ❢❡❧❛❞❛' ❚❡4✈❡③③❡ ♠❡❣ ❡③9✦

✷✳ ❢❡❧❛❞❛' ❚❡4✈❡③③❡ ♠❡❣ ❛③9✦



✷✳ ❢❡❥❡③❡&

❍✐❞*♦,③&❛&✐❦✉, ❤❛❥&1,♦❦

✷✳✶✳ ❇❡✈❡③❡'()

❆ ❤✐❞$❛✉❧✐❦✉) )③+ ♥❡♠ ♣♦♥1♦)✱ ❜4$ ❡❧1❡$❥❡❞1❡♥ ❡③1 ❤❛)③♥4❧❥✉❦✳ ❆ ♣♦♥1♦) ♠❡❣♥❡✈❡③9) ❛ ❤✐❞$♦✲

)③1❛1✐❦✉)✱ ♠❡❧② ♠❡❣❦<❧=♥❜=③1❡1✐ ❡③❡❦❡1 ❛ $❡♥❞)③❡$❡❦❡1 ❛ ❤✐❞$♦❞✐♥❛♠✐❦✉) $❡♥❞)③❡$❡❦1➤❧✳

❚!"#$♥❡❧❡♠

❆ ✈✐❧4❣ ❡❧)➤ ❍❘✲❡✿

• ❦❡11➤) ♠➯❦=❞9)➯ ✈♦❧✉♠❡1$✐❦✉) )③✐✈❛11②C

• Q ≈ 10l/min✱ ∆p = 0.16❜❛$

• ❝)➤✈❡③❡19❦ ❤4❧+③❛1 ❤♦))③❛✿ ✶✵✵❡ ❦♠

• ❥❡❧❡♥❧❡❣ ❦❜✳ ✼ ♠✐❧❧✐4$❞ ❞❛$❛❜ ♠➯❦=❞✐❦
❊❜❜➤❧ ❛ ❥❡❧❧❡♠③9)❜➤❧ $4 ❧❡❤❡1 ❥=♥♥✐✱ ❤♦❣② ❛③ ❡♠❜❡$✐ )③I✈$➤❧ ✈❛♥ )③+✳ ❆ )③I✈ ✐) ❡❣② 19$❢♦❣❛1✲

❦✐)③♦$I14) ❡❧✈9♥ ♠➯❦=❞➤ 1❡$♠9)③❡1❡) )③✐✈❛11②C✳

❆ ❍❘✲❡❦ ❢❡❥❧➤❞$2❡✿

• ✶✻✹✼ M❛)❝❛❧✿ ✧❆ ♥②♦♠4) ♠✐♥❞❡♥ ✐$4♥②❜❛♥ ❣②❡♥❣I1❡1❧❡♥<❧ 1❡$❥❡❞✧

• ✶✼✸✽ ❇❡$♥♦✉❧❧✐✿ ✧❍②❞$♦❞②♥❛♠✐❝❛✧

• ✶✼✾✺ ❏♦)❡♣❤ ❇$❛♠❛❤✿ ❍✐❞$❛✉❧✐❦✉) ♣$9) ✭ ❡❧)➤ ♠➯❦=❞➤ ❍❘✱ ✈I③ ♠✉♥❦❛❦=③❡❣❣❡❧✮

• ✶✾✶✵✲❡) 9✈❡❦1➤❧ ❦❡③❞ ❡❧1❡$❥❡❞♥✐ ❛③ ♦❧❛❥ ♠✉♥❦❛❦=③❡❣✱ ❛ ♠❡❣♥=✈❡❦❡❞❡11 ✐❣9♥②❜❡✈91❡❧❡❦ ♠✐❛11✳

• ✶✾✸✵✲❛) 9✈❡❦✿ ▲♦♥❞♦♥ ❍②❞$❛✉❧✐❝ M♦✇❡$ ❈♦♠♣❛♥② 12m3/min✱ ❦❜✳ ✸✵✵ ❦♠ ❢=❧❞ ❛❧❛11✐

✈❡③❡19❦ ✭✈I③✮

❆③ ✐❧②❡♥ ❤❛❥14)♦❦ ❜❧♦❦❦)9♠4❥41 ❛ ✷✳✶ 4❜$❛ ♠✉1❛1❥❛✳

T, � T, �Q, p� Q, p�

Volumetrikus

szivattyú

Energiaátvitel

Vezérlés Munkahenger

Hidromotor
Terhelés

Villanymotor

Bels égés  motor

F, v

✷✳✶✳ 4❜$❛✳ ❍✐❞$❛✉❧✐❦✉) ❤❛❥14) ❜❧♦❦❦✈4③❧❛1❛

❊❣② 1✐♣✐❦✉) $❡♥❞)③❡$✿

❆ Q∆p ❢♦❧②❛❞9❦1❡❧❥❡)I1♠9♥②1 ❦91❢9❧❡❦9♣♣❡♥ ❧❡❤❡1 41✈✐♥♥✐✳

✸✺



Q ∆p

Q ∆p

•

•

•

•

•



•

•

•

•

•

•

•

•

•

•



•

•

•

•

Ph = ∆pQ = ρgHQ

nq = nQ1/2H−3/4

nq

nq

• ∆p = 1bar→ Q = 0.1m3/s, nq = 170→

• ∆p = 6bar→ Q = 1020 l/perc, nq = 17.7→

• ∆p = 200 bar→ Q = 30 l/perc, nq = 0.22→

nq = 0.22



✷✳✷✳ ❆ ▼❯◆❑❆❋❖▲❨❆❉➱❑ ✸✾

✷✳✷✳ ❆ ♠✉♥❦❛❢♦❧②❛❞-❦

❆ ♠✉♥❦❛❢♦❧②❛❞9❦ ❛ ❤✐❞<♦=③?❛?✐❦✉= ❤❛❥?A= ❡❣②✐❦ ❡❧❡♠❡✱ ❛❧❦❛?<9=③❡✱ ❛♠❡❧② ♥9❧❦E❧ ♥❡♠ ❧9?❡③✐❦

❤❛❥?A=✿ ❛③ ❡♥❡<❣✐❛❦G③✈❡?I?➤✳

❆ ♠✉♥❦❛❢♦❧②❛❞9❦ ❢✉♥❦❝✐L✐✿

♦ ❊♥❡<❣✐❛ ?♦✈A❜❜I?A=❛

♦ ❊❣②♠A=♦♥ ❝=O=③L ❢9♠❢❡❧E❧❡?❡❦ ❦❡♥9=❡

♦ ❍➯?9=

♦ ❚✐=③?I?A=

❆ ♠✉♥❦❛❢♦❧②❛❞9❦♥❛❦ ❛ ❦G✈❡?❦❡③➤ ?✉❧❛❥❞♦♥=A❣♦❦❦❛❧ ❦❡❧❧ ❜I<♥✐❛✿

• ❏L ❦❡♥➤❦9♣❡==9❣✱ ♠✐✈❡❧ ❛③ ❡♥❡<❣✐❛A?❛❧❛❦I?L❦ ✭=③✐✈❛??②O❦✱ ♠♦?♦<♦❦✮ =O<❧L❞L ❛❧❦❛?<9=③❡❦❦❡❧

♠➯❦G❞♥❡❦✳

• ❱✐=③❦♦③✐?A=✐ ✐♥❞❡①❡ ✭❱■✮ ❧❡❣②❡♥ ♠✐♥✐♠A❧✐=✱ ❛③❛③ ❛ ❤➤♠9<=9❦❧❡? ✈A❧?♦③A=A✈❛❧ ♥❡ ✈A❧?♦③③♦♥

❥❡❧❡♥?➤=❡♥ ❛ ✈✐=③❦♦③✐?A=❛✳

• ❙❡♠❧❡❣❡= ❦9♠✐❛✐ ?✉❧❛❥❞♦♥=A❣ ✭❞❡ =❡♠♠✐❦9♣♣❡♥ =❡ ❧❡❣②❡♥ =❛✈❛=✮✳

• ▲❡✈❡❣➤?❛<?❛❧♠❛ 9= ❧9❣❡❧♥②❡❧➤ ❦9♣❡==9❣❡ ❧❡❣②❡♥ ♠✐♥✐♠A❧✐=✳

• ❍❛❜❦9♣③➤❞9=<❡ ❦❡✈9=❜9 ❧❡❣②❡♥ ❤❛❥❧❛♠♦=✳

• ❏L ✈I③?❛=③I?L ❦9♣❡==9❣✳

• ❘✉❣❛❧♠❛==A❣✐ ♠♦❞✉❧✉=③❛ ❧❡❣②❡♥ ♥❛❣② ✭❦✐❝=✐ G==③❡♥②♦♠❤❛?L=A❣✮✳

• ▲❡❣②❡♥ ❥L ❤➤✈❡③❡?➤✳

• ▼❡❝❤❛♥✐❦❛✐ =③❡♥♥②❡③➤❛♥②❛❣♦? ♥❡ ?❛<?❛❧♠❛③③♦♥✳

• ▲❡❣②❡♥ ❦9♠✐❛✐❧❛❣ =?❛❜✐❧✳

• ❑♦<<♦③✐L✈9❞❡❧❡♠✳

✷✳✷✳✶✳ ❆♥②❛❣❥❡❧❧❡♠③➤❦

❙➯"➯#$❣

ρ =
ρ0

1 + αδt
, ahol α ≈ 7 ∗ 10−4

[
1
◦C

]

✭✷✳✶✮

ρ =
ρ0

1− δp
E

, ahol Evz ≈ 2 ∗ 109[Pa]. ✭✷✳✷✮

❘✉❣❛❧♠❛##+❣✐ ♠♦❞✉❧✉#③

❏❡❧G❧9=✿ E ✈❛❣② B ❬^❛❪ ✭❜✉❧❦ ♠♦❞✉❧✉=✮

∆p/E = −∆V/V ✭❣A③♦❦<❛✿ E = −ρ0 dpdρ ✱ Eizoterm = p✱ Eizentrop = κp✮

❍✉❧❧A♠=❡❜❡==9❣✿ a =
√

E/ρ ✭❣A③♦❦<❛✿ a =
√
κRT ✮



∆F = 2A∆p = 2AE
∆V

V
= 2AE

∆x

L
→ s = 2EA/L

D/d = 50/32 L = 0.3 E = 1.5 m = 1

s = 2E
A

L
= 11.6kN/mm ω =

√

s/m = 107.67rad/s f = 17Hz

L

V, E V, E

L

A

α

•



• τ = µγ̇ = µdu
dy

τ [N/m2] µ[Ns/m2]

γ̇

• ν = µ/ρ [m2/s], [St] 1cSt = 1mm2/s

ν(t) = ν0e
λ1(t−t0)+λ2(t−t0)2 ,

ν0 = 118
mm2

s
, λ1 = 0.0608[◦C−1], λ2 = 3.45 ∗ 10−4[◦C−2], t0 = 20[◦C]

• τ = µγ̇

• γ̇ = (τ − τ0)/µ τ > τ0 γ̇ = 0

• τ = µ(γ̇)n

↔

• ν > 2000mm2/s

• ν > 100mm2/s

• ν < 20mm2/s

• ν < 5mm2/s



✹✷ ✷✳ ❋❊❏❊❩❊❚✳ ❍■❉❘❖❙❩❚❆❚■❑❯❙ ❍❆❏❚➪❙❖❑

✷✳✾✳ 3❜5❛✳ ❱✐9③❦♦③✐=39 >5=❡❧♠❡③>9❡

✷✳✶✵✳ 3❜5❛✳ ❘❡♦❧D❣✐❛✐ ❣F5❜>❦

• ❖♣=✐♠3❧✐9 =❛5=♦♠3♥②✿ ❦❜✳ 20mm2/s < ν < 50mm2/s

K>❧❞3❦✿ ♠>③✿ 74mm2/s✱ ✈O③✿ 1mm2/s✱ ❧❡✈❡❣➤✿ 16mm2/s
❆ ❣>♣ ♠➯❦F❞>9❡ ❦F③❜❡♥ ✭❤✐❞❡❣✐♥❞O=39=D❧ T③❡♠✐ ❤➤♠>59>❦❧❡=✐❣✮ ❛❦35 ❡❣② ♥❛❣②93❣5❡♥❞❡= ✐9

✈3❧=♦③❤❛= ❛ ✈✐9③❦♦③✐=39✦ K>❧❞3✉❧ ❤✐❞❡❣ ❦F5♥②❡③❡=❜❡♥ =❡5❡♣✐ ❛❧❦❛❧♠❛③39♥3❧ −15...20◦C ❢♦❦5D❧

+50...70◦C ❢♦❦♦9 T③❡♠✐ ❤➤♠>59>❦❧❡=5❡ ♠❡❧❡❣9③✐❦✳

❆③ "#❛♠❧"' ❥❡❧❧❡❣❡

Re =
vd

µ
⇒ vh =

Rehµ

d
=

2500 ∗ 2 ∗ 10−5
d

=
0.05

d
✭✷✳✹✮

✷✳✷✳✷✳ ❍❛$③♥'❧) ♠✉♥❦❛❢♦❧②❛❞1❦♦❦

❍✐❞5♦9③=❛=✐❦✉9 ❜❡5❡♥❞❡③>9❡❦ 3❧=❛❧3❜❛♥ ❤35♦♠❢>❧❡ ♠✉♥❦❛❢♦❧②❛❞>❦♦= ❛❧❦❛❧♠❛③♥❛❦✿

✶✳ ➪'✈"♥②♦❧❛❥♦❦✿ ❆ ❧❡❣❣②❛❦5❛❜❜❛♥ ❤❛9③♥3❧= ❡♥❡5❣✐❛❦F③✈❡=O=➤ ❢♦❧②❛❞>❦✳ ❑T❧F♥❜F③➤ ♠✐♥➤✲

9>❣➯❡❦ 3❧❧♥❛❦ 5❡♥❞❡❧❦❡③>95❡✱ ❢➤❦>♥= ✈✐9③❦♦③✐=39✉❦ ✭❛③ 50◦C✲♦♥ ♠>5==❡❧ ❥❡❧❧❡♠③✐❦✮ ✈❛❧❛♠✐♥=



•
•
•
•

•

•
ν = 27mm2/s 40oC ν = 4.8mm2/s 100oC

ρ = 870kg/m3

−18oC 370oC 210oC

100oC 30Pa

•



✹✹ ✷✳ ❋❊❏❊❩❊❚✳ ❍■❉❘❖❙❩❚❆❚■❑❯❙ ❍❆❏❚➪❙❖❑

✕ ❍❛❜❦5♣③➤❞5: ❛❦❛❞;❧②♦③;:❛

✕ ❱■ ❥❛✈BC;:❛

✕ ❙DE❧F❞;:✐ C✉❧❛❥❞♦♥:;❣♦❦ ♠F❞♦:BC;:❛

✕ ❚L♠BC5:❡❦ ♠❡❣❞❛❣❛❞;:;♥❛❦ ❛❦❛❞;❧②♦③;:❛

✷✳ ❙③✐♥%❡%✐❦✉) ♦❧❛❥♦❦ ✭)③✐❧✐❦♦♥♦❦✮✿ ❙③;♠♦: ❡❧➤♥②L: C✉❧❛❥❞♦♥:;❣❣❛❧ ❜BE♥❛❦✿

• ❙③❛❜;❧②♦③♦CC✱ ❡❧➤E❡ ✐:♠❡EC ♠✐♥➤:5❣❛③♦♥♦::;❣✳

• ❘❡♥❞❦B✈P❧ ❥F❧ ❜❡;❧❧BC❤❛CF ❛♥②❛❣❥❡❧❧❡♠③➤❦✱ ✈✐:③❦♦③✐C;:✉❦ ❛ ❣②;EC;: :♦E;♥ :③5❧❡: ❤❛C;✲

E♦❦ ❦L③LCC ❜❡;❧❧BC❤❛CF✳

• ❍➤♠5E:5❦❧❡C ✈;❧C♦③;: ❤❛C;:;E❛ ❦❡✈5:❜5 5E③5❦❡♥②❡♥ ✈;❧C♦③✐❦ ❛ ✈✐:③❦♦③✐C;:✉❦✳

• ❉❡E♠❡❞5:♣♦♥C❥❛ ✐❣❡♥ ❛❧❛❝:♦♥② ✭❦❜✳ −50...60◦C✮✳

• ▲♦❜❜❛♥;:♣♦♥C❥❛ ♠❛❣❛: ✭400◦C✮✳ ❏F C➯③ ❡❧❧❡♥✐ ❡❧❧❡♥;❧❧F❦5♣❡::5❣ ✭♠➯❛♥②❛❣ L♥C5:✱

❢EL❝❝:L♥C5:✱ ❜;♥②❛✐♣❛E✮

• ❇✐♦❧F❣✐❛✐❧❛❣ ❥F❧ ❧❡❜♦♥C❤❛CF✳

• ❑5♠✐❛✐ :C❛❜✐❧✐C;: ♥❛❣② ❤➤♠5E:5❦❧❡C❡♥ ✐:✳

• ❱B③C❛:③BCF ❦5♣❡::5❣❡ ❦✐✈;❧F✳

• ❍❛❜❦5♣③➤❞5:E❡ ❦❡✈5:❜5 ❤❛❥❧❛♠♦:

❍;CE;♥②✉❦✱ ❤♦❣② E✉❣❛❧♠❛::;❣✐ ♠♦❞✉❧✉:③✉❦ ❦✐:❡❜❜✱ ♠✐♥C ❛③ ;:✈;♥②✐ ♦❧❛❥♦❦5 5: ✐❣❡♥ ❞E;❣;❦✳

✸✳ ❱2③ ✐❧❧✳ ✈2③③❡❧ ❦5♣③❡%% ❡♠✉❧③✐8❦✿

❊❧➤♥②L❦✿ ❡①CE5♠ C➯③;❧❧F:;❣✱ ♥❛❣② E✉❣❛❧♠❛::;❣✐ ♠♦❞✉❧✉:③✱ ❥F ❤➯C5:✳

❍;CE;♥②♦❦✿ ❣②❡♥❣❡ ❦❡♥➤❦5♣❡::5❣ 5: ❛❧❛❝:♦♥② ✈✐:③❦♦③✐C;:✳

■❣❡♥ ❡E➤: ♦①✐❞;❧F ❤❛C;:✉❦ ♠✐❛CC ❢➤❧❡❣ ♦❧②❛♥ ❜❡E❡♥❞❡③5:❡❦❜❡♥ ❤❛:③♥;❧❛C♦:❛❦✱ ❛♠❡❧②❡❦

✭❛✮ ❡E➤:❡♥ E♦❜❜❛♥;:✈❡:③5❧②❡:❡❦✱

✭❜✮ ✐❣❡♥ ♥❛❣② ❛ ❢♦❧②❛❞5❦✐❣5♥②➯❡❦ ✈❛❣②

✶

✭❝✮ ❛❤♦❧ ❛ ❦LE♥②❡③❡C✈5❞❡❧❡♠ ❡❧:➤❞❧❡❣❡: :③❡♠♣♦♥C ✭♣❧✳ ♠♦❜✐❧ ✈;E♦:✐ ❛❧❦❛❧♠❛③;:♦❦✮✳

❍✐❞E❛✉❧✐❦✉: ❣5♣❡❦❤❡③ ❛ ❣②;ECF ♠❡❣❛❞❥❛ ❛ :③P❦:5❣❡: ♦❧❛❥♠✐♥➤:5❣❡C 5: ❤♦❣② ❤;♥② P③❡♠FE❛ ✉C;♥

❦❡❧❧ ❝:❡E5❧♥✐✳ ❖❧❛❥❝:❡E❡ ❡:❡C5♥ ❛ ❤❛:③♥;❧C ♦❧❛❥ ❧❡❡♥❣❡❞5:❡ ✉C;♥ ❛ ❜❡E❡♥❞❡③5:C C✐:③C❛ ♦❧❛❥❥❛❧ ✭♥❡♠

❜❡♥③✐♥♥❡❧ ✈❛❣② ♣❡CEF❧❡✉♠♠❛❧✦✮ ❦✐ ❦❡❧❧ ♠♦:♥✐ 5: ❛③ D❥ ♦❧❛❥❛C ❝:❛❦ ❛ ♠❛EF♦❧❛❥ ❧❡❡♥❣❡❞5:❡ ✉C;♥

:③❛❜❛❞ ❜❡CL❧C❡♥✐✳

✶

♣❧✳ ❢❛%♦'(❧❡♠❡③ ❣②.%(.'♥.❧ ❛❧❦❛❧♠❛③♦(( ♣%1' ♠✉♥❦❛❛'③(❛❧❛ ✷①✹ ♠1(❡% 1' ❡③( ✹ ❞❜ ✺✵✵ ♠♠ .(♠1%➤❥➯✱ ✶✳✺ ♠

❧?❦❡(➯ ♠✉♥❦❛❤❡♥❣❡% ♠♦③❣❛(❥❛ ✭❦❜ ✶✳✷ m
3
❢♦❧②❛❞1❦✐❣1♥②✮✳
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✷✳✸✳ ❍✐❞&♦(③*❛*✐❦✉( ❡♥❡&❣✐❛1*❛❧❛❦3*4❦

❆ ❤✐❞:♦<③>❛>✐❦✉< ❡♥❡:❣✐❛E>❛❧❛❦G>H❦ ♦❧②❛♥ ❤✐❞:❛✉❧✐❦✉< ❡❧❡♠❡❦✱ ♠❡❧②❡❦ ❛ ♠❡❝❤❛♥✐❦❛✐ ♠✉♥❦E> ❢♦❧②❛✲

❞O❦ ♠✉♥❦❛✈O❣③➤ ❦O♣❡<<O❣❣O ✭♥②♦♠E< O<✴✈❛❣② >O:❢♦❣❛>E:❛♠✮ ✐❧❧✳ ❛ ❢♦❧②❛❞O❦ ♠✉♥❦❛✈O❣③➤ ❦O♣❡<<O✲

❣O> ♠❡❝❤❛♥✐❦❛✐ ♠✉♥❦E✈E ❛❧❛❦G>❥E❦✳ ❆ <③✐✈❛>>②W> ❛ ♠♦>♦:>H❧ ❛ ♠✉♥❦❛✈O❣③O< ✐:E♥②❛ ❦X❧Y♥❜Y③>❡>✐

♠❡❣✳ ❑Y③Y< ❥❡❧❧❡♠③➤❥X❦✱ ❤♦❣② >O:❢♦❣❛>✲❦✐<③♦:G>E< ❡❧✈O♥ ♠➯❦Y❞♥❡❦✱ ❛③❛③ ✈❛❧❛♠✐❧②❡♥ ✈E❧>♦③H >O:✲

❢♦❣❛> ♥②❡❧✐ ❡❧ ✐❧❧✳ <③♦:G>❥❛ ❦✐ ❛ ♠✉♥❦❛❦Y③❡❣❡>✳ ▼✐✈❡❧ ❛ ♠♦>♦:♦❦ O< ❛ <③✐✈❛>>②W❦ ♠➯❦Y❞O<✐ ❡❧✈❡

❛③♦♥♦<✱ ♠❡❣❢❡❧❡❧➤ ❦✐❛❧❛❦G>E< ♠❡❧❧❡>> ♠✐♥❞❦O> ✐:E♥②❜❛♥ X③❡♠❡❧>❡>❤❡>➤❦✳

❈<♦♣♦:>♦<G>E<✉❦

• ❙③✐✈❛>>②W❦

✕ E❧❧❛♥❞H ❣❡♦♠❡>:✐❛✐ ❢♦❧②❛❞O❦<③E❧❧G>E< ✭Vg✮✿

∗ ❢♦❣❛<❦❡:O❦

∗ ❝<W<③H❧❛♣E>♦<

∗ :❛❞✐E❧❞✉❣❛>>②W<

∗ ❛①✐E❧❞✉❣❛>>②W<

∗ ❝<❛✈❛:

✕ ✈E❧>♦③>❛>❤❛>H ❣❡♦♠❡>:✐❛✐ ❢♦❧②❛❞O❦<③E❧❧G>E< ✭Vg✮✿

∗ ❝<W<③H❧❛♣E>♦<

∗ :❛❞✐E❧❞✉❣❛>>②W<

∗ ❛①✐E❧❞✉❣❛>>②W<

• ▼♦>♦:♦❦

✕ ❢♦:❣H♠♦③❣E<

∗ ❢♦❣❛<❦❡:O❦

∗ :❛❞✐E❧❞✉❣❛>>②W<

∗ ❛①✐E❧❞✉❣❛>>②W<

∗ ❧❛<<W❥E:E<W

✕ ❦♦:❧E>♦③♦>> <③Y❣❡❧❢♦:❞✉❧E<W✱ W♥✳ ❧❡♥❣➤♠♦>♦:♦❦

✕ ❡❣②❡♥❡<✈♦♥❛❧W ♠♦③❣E< ✭♠✉♥❦❛❤❡♥❣❡:❡❦✮
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✷✳✸✳✶✳ ❋♦&❣( ❡♥❡&❣✐❛-.❛❧❛❦1.(❦ ✭3③✐✈❛..②7❦ 83 ♠♦.♦&♦❦

❋♦❣❛$❦❡'(❦$③✐✈❛,,②.❦ ❆ ❢♦❣❛7❦❡:❡❦❡7 ❡♥❡:❣✐❛=>❛❧❛❦@>A❦ >❛❧=♥ ❛ ❧❡❣❡❧>❡:❥❡❞>❡❜❜ E7 ❛ ❧❡❣♦❧✲

❝7A❜❜ 7③✐✈❛>>②K❦✳ ▲E>❡③✐❦ ❦M❧7➤ E7 ❜❡❧7➤ ❢♦❣❛③=7K ✐7✳ ❆ ✷✳✶✷ ❧=>❤❛>A ❡❣② ♣E❧❞❛ ❜❡❧7➤ ❢♦❣❛③=7K

❢♦❣❛7❦❡:E❦ 7③✐✈❛>>②K:❛✳

✷✳✶✷✳ =❜:❛✳ ❇❡❧7➤❢♦❣❛③=7K ✭❜❛❧ ♦❧❞❛❧✮ E7 ❦M❧7➤❢♦❣❛③=7K ✭❥♦❜❜ ♦❧❞❛❧✮ ❢♦❣❛7❦❡:E❦7③✐✈❛>>②K✳

❏❡❧❧❡♠③➤✐❦✿

• ❆ ✈❡7③>❡7E❣❡❦ E7 ❛ ❤❛>=7❢♦❦ 7③❡♠♣♦♥>❥=❜A❧ ❢♦♥>♦7 ❛ ❦❛♣❝7♦❧A❞=7 >W❦E❧❡>❡77E❣❡✱ ❛③❛③ ❛

❢♦❣❛7❦❡:❡❦❡❦ E7 ❛ ❤=③ ❦W③W>> ♦❧❞❛❧✐:=♥②K ✐❧❧✳ ❛ ❢♦❣❢❡❥❡❦ E7 ❛ ❤=③ ❦W③W>>✐ ✐❧❧❡7③❦❡❞E7✐ ❥=>E❦✳

❚K❧ ♥❛❣② ✐❧❧❡7③❦❡❞E7✐ ❥=>E❦ ❡7❡>E♥ ❝7❡❦E❧② ❛ 7K:❧A❞=7✱ ❞❡ ♥❛❣②♦❦ ❛ ✈❡7③>❡7E❣❡❦✳ ❊❧❧❡♥❦❡③➤

❡7❡>❜❡♥ ❛ ✈❡7③>❡7E❣❡❦ ♥❛❣②♦❦ E7 ❛ ❦♦♣=7♦❦ ♠✐❛>> ✐❞➤✈❡❧ ♠❡❣♥➤ ❛ ✈♦❧✉♠❡>:✐❦✉7 ✈❡7③>❡7E❣✳

• ❑♦:7③❡:➯ ❢♦❣❛7❦❡:❡❦❡7 ❡♥❡:❣✐❛=>❛❧❛❦@>A❦♥=❧ ❤✐❞:♦7③>❛>✐❦✉7 ❛①✐=❧✐7 :E7❦✐❡❣②❡♥❧@>E7> ❛❧❦❛❧✲

♠❛③♥❛❦✳ ■❧②❡♥❦♦: ❛ ③=:A❢❡❥ E7 ❛ ❝7❛♣=❣②>W♠❜W❦ ❦W③W>>✐ :E7❜❡ ✈❡③❡>✐❦ ❛ ♥②♦♠♦>> ♦❧❞❛❧> E7

@❣② ❛ ❥=>E❦ ❛ ♠✐♥❞❡♥❦♦:✐ >❡:❤❡❧E7❤❡③ ✐❣❛③♦❞✐❦✳

• ❚❡❧❥❡7@>♠E♥②7➯:➯7E❣M❦ ✐❣❡♥ ❦❡❞✈❡③➤✱ E❧❡>>❛:>❛♠✉❦ :♦77③❛❜❜✱ ♠✐♥> ❛ ❞✉❣❛>>②K7 >@♣✉7♦❦E✱

❛ ③❛❥7③✐♥>❥M❦ ♠❛❣❛7❛❜❜✱ ❢♦❧②❛❞E❦7③=❧❧@>=7✉❦ ✈✐7③♦♥> ❡❣②❡♥❧❡>❡7❡❜❜✳

• ❆ ❜❡❧7➤ ❢♦❣❛③=7K ♠✐♥❞❡♥❜❡♥ ❥♦❜❜✱ ♠✐♥> ❛ ❦M❧7➤✳

• ◆✐♥❝7 =❧❧@>❤❛>A ❦✐✈✐>❡❧✳

• ❘E7❦✐❡❣②❡♥❧@>E7

• ▼♦>♦:❦E♥> M③❡♠❡❧>❡>✈❡ M❣②❡❧♥✐ ❦❡❧❧ ❛ ❦✐❢♦❧②A=❣✐ ♥②♦♠=7:❛✱ ♠❡:> ❦M❧W♥W7❡♥ ❛ :E7❦✐❡❣②❡♥✲

❧@>❡>> >@♣✉7♦❦ ❡::❡ E:③E❦❡♥②❡❦✱ pmax,ki = 0.1− 0.2pbe✱ ❞❡ ♠❛①✳ ✺ ❜❛:✳

❈$❛✈❛'$③✐✈❛,,②. ❈7❛❦ 7③✐✈❛>>②K ❦✐✈✐>❡❧❜❡♥ ❧E>❡③✐❦✳ ❑E> ♥❛❣② ❡❧➤♥②❡ ✈❛♥✿ ❛ ❢♦❧②❛❞E❦7③=❧❧@>=7

❡❣②❡♥❧❡>❡7 E7 7③✐♥>❡ ③❛❥>❛❧❛♥✳

❈$.$③0❧❛♣3,♦$ ❡♥❡'❣✐❛3,❛❧❛❦5,0❦ ❆ ♠✉♥❦❛>❡:❡> ❛③ =❧❧A:E7③✱ ❛ ❢♦:❣A:E7③ E7 ❛ ✈❡③❡>E❦❜❡♥

❝7K7③A E❧❡7✱ ❡❣②♠=77❛❧ 7③❡♠❜❡❢♦:❞@>♦>> ❧❛♣=>♦❦ ❦E♣❡③✐❦✳ ▲E>❡③✐❦ ❡❣②7③❡:❡7✲ E7 ❦E>7③❡:❡7 ♠➯❦W❞E✲

7➯✳ ❆ ❦E>7③❡:❡7 ♠➯❦W❞E7 ❡❧➤♥②❡✱ ❤♦❣② ♥❛❣②♦❜❜ ❛ ❢♦❧②❛❞E❦7③=❧❧@>=7 E7 ❦✐❡❣②❡♥❧@>❡>> ❛ ♥②♦♠=7❜A❧

7③=:♠❛③A :❛❞✐=❧✐7 ❡:➤✳

• ❆ 7♦❦ 7K:❧A❞A ❢❡❧M❧❡> ♠✐❛>> ❥❡❧❡♥>➤7 ❛ ❦♦♣=7✱ :W✈✐❞❡❜❜ ❛③ E❧❡>>❛:>❛♠ E7 E:③E❦❡♥② ❛ 7③❡♥♥②❡✲

③➤❞E7❡❦:❡✳

• ❩❛❥7③✐♥>❥❡ ❦✐❝7✐> ♥❛❣②♦❜❜✱ ♠✐♥> ❛ ❝7❛✈❛:7③✐✈❛>>②KE✳ ➪:❛ ❦❡❞✈❡③➤✱ ❛ :E7✈❡7③>❡7E❣❡❦ ♠❛❣❛✲

7❛❦✳
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• ▼♦9♦:❦<♥9 ♥❛❣②♦♥ :✐9❦B♥ ❛❧❦❛❧♠❛③③B❦✳

• ▲<9❡③✐❦ ✈B❧9♦③9❛9❤❛9I Vg✲✈❡❧ :❡♥❞❡❧❦❡③➤ ❦✐✈✐9❡❧ ✐M✳

▼❛❣②❛:B③I B❜:B❦✿ ❡❣②M③❡:❡M ♠➯❦Q❞9❡9<M➯✱ ✈B❧9♦③9❛9❤❛9I Vg <M ❦<9M③❡:❡M ♠➯❦Q❞<M➯✱ ❦♦♥M9❛♥M

Vg✳

❘❛❞✐$❧❞✉❣❛((②*+ ❡♥❡.❣✐❛$(❛❧❛❦0(1❦

✷✳✶✸✳ B❜:❛✳ ❘❛❞✐B❧❞✉❣❛99②UM M③✐✈❛99②U

❏I❧ ♠❡❣♠✉♥❦B❧❤❛9I ③B:I❢❡❧X❧❡9❡❦ ♠✐❛99 ✐❣❡♥ ❥I ❛ ❤❛9BM❢♦❦❛✳ ➱❧❡99❛:9❛♠❛ ♥❛❣②✱ ❛ ③❛❥M③✐♥9

❛:B♥②❧❛❣ ♠❛❣❛M✳ ❙③❡♥♥②❡③➤❞<M:❡ ❦❡✈<M❜< <:③<❦❡♥②✳ ❍✐❞:♦♠♦9♦:❦<♥9 ❢➤❦<♥9 ♦99 ❦✐✈B❧I✱ ❛❤♦❧ ❦✐M

❢♦:❞✉❧❛9M③B♠:❛ ✈❛♥ M③X❦M<❣✳ ▲<9❡③✐❦ ✈B❧9♦③9❛9❤❛9I Vg✲✈❡❧ ✐M✳

❆①✐$❧❞✉❣❛((②*+ ❡♥❡.❣✐❛$(❛❧❛❦0(1❦

❋❡.❞❡($.❝+$+ ❦✐✈✐(❡❧

✷✳✶✹✳ B❜:❛✳ ❋❡:❞❡9B:❝MBM ❡♥❡:❣✐❛B9❛❧❛❦]9I

❋❡:❞❡9B:❝MBM ❦✐✈✐9❡❧ ❡M❡9<♥ ❛ ❞✉❣❛99②U❦❛9 ❛ ❝MUM③IM❛:✉❦ ❛ ❢❡:❞❡ ✈❡③<:❧➤9B:❝MB♥ 9❛:9❥B❦✱ ❡③<:9

❛③♦❦ ❦✐✲❜❡ ♠♦③♦❣♥❛❦ ❛ ❤❡♥❣❡:9Q♠❜❜❡♥✳ ❆ ❤❡♥❣❡:9Q♠❜✱ ❛ ❞✉❣❛99②U❦ <M ❛ ❝MUM③IM❛:✉❦ ❡❣②X99

❢♦:♦❣♥❛❦ ❛ 9❡♥❣❡❧❧②❡❧✱ ❛ ✈❡③<:❧➤9B:❝M❛ B❧❧✳ ▼❛❣②❛:B③I B❜:❛ ❤✐B♥②③I B❜:❛✳ ▼❛❣②❛:B③I B❜:❛✿

❛①✐B❧❞✉❣❛99②UM M③✐✈❛99②U✱ B❧❧❛♥❞I Vg✱ ❛①✐B❧❞✉❣❛99②UM M③✐✈❛99②U✱ ✈B❧9♦③9❛9❤❛9I Vg✳

❋❡.❞❡(❡♥❣❡❧②➯ ❦✐✈✐9❡❧ ❡M❡9<♥ ❛ ❤❛❥9I9❡♥❣❡❧② ❛ ❞✉❣❛99②U:✉❞❛❦♦♥ ❦❡:❡M③9X❧ ❝M✉❦❧IM ❦❛♣❝M♦✲

❧❛9❜❛♥ ✈❛♥ ❛ ❞✉❣❛99②U❦❦❛❧ <M ❛ ❤❡♥❣❡:9Q♠❜❜❡❧✳
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✷✳✸✳✷✳ ▼✉♥❦❛❤❡♥❣❡+❡❦

❆ ♠✉♥❦❛❤❡♥❣❡;❡❦❡< ❛ ❤✐❞;❛✉❧✐❦@❜❛♥ B③♦❦@B ❧✐♥❡$%✐& ♠♦)♦%♥❛❦ ✐B ♥❡✈❡③♥✐✳ ❊❣② <✐♣✐❦✉B ❡❣②B③❡;❡B

♠➯❦I❞JB➯ ♠✉♥❦❛❤♥❡❣;❡ ❧@<❤❛<K ❛ ✷✳✶✺✳ @❜;@♥✳

✷✳✶✺✳ @❜;❛✳ ▼✉♥❦❛❤❡♥❣❡;

●②❛❦;❛♥ ❤❛B③♥@❧< JB ❢♦♥<♦B ❥❡❧❧❡♠③➤❥❡ ❡❣② ♠✉♥❦❛❤❡♥❣❡;♥❡❦ ❛ ♠❡❝❤❛♥✐❦❛✐ ❤❛<@B❢♦❦✱ ♠❡❧②♥❡❦

❞❡✜♥U❝✐K❥❛✿

ηm =
Ft

Ft + Fs

✭✷✳✺✮

▲@<❤❛<K✱ ❤♦❣② ✈❛❧K❜❛♥ ❤❛<@B❢♦❦✲❥❡❧❧❡❣➯ ♠❡♥♥②✐BJ❣;➤❧ ❜❡B③J❧\♥❦✱ ♠❡;< ✐<< ✐B ❛ ❤❛B③♥♦B ❡;➤< ❤❛✲

B♦♥❧U<❥✉❦ ❛ ❜❡❢❡❦<❡<JB ♦❧❞❛❧♦♥ ♠❡❣❥❡❧❡♥➤ ❡;➤❤I③✳

❙!❛!✐❦✉& ♠()❡!❡③(&

❊❧➤B③I; ✈❡③❡BB\❦ ❜❡ ❛③ @<♠J;➤✈✐B③♦♥②<✿

ϕ =
AD

Agy

✭✷✳✻✮

❆③ @<♠❡;➤✈✐B③♦♥② <✐♣✐❦✉B B③❛❜✈@♥②♦B J;<J❦❡✐✿ ✶✳✷✺❀ ✶✳✹❀ ✶✳✻❀ ✷✳ ❊③③❡❧ ❛ B<❛<✐❦✉B ❡;➤❡❣②❡♥B_❧②

❛ ❞✉❣❛<<②_;❛✿

p1AD − p2Agy − Fs − Ft = 0 ✭✷✳✼✮

❋❡❧❤❛B③♥@❧✈❛ ❛ ✷✳✺ JB ❛ ✷✳✻ IBB③❡❢\❣❣JB❡❦❡<✿

AD

(

p1 −
p2
ϕ

)

− Ft

ηm
= 0 ✭✷✳✽✮

❊③< ❛③ ❡❣②❡♥❧❡<❡< ❤❛B③♥@❧❥✉❦ ♠✉♥❦❛❤❡♥❣❡;❡❦ B<❛<✐❦✉B ❡❧❧❡♥➤;③JBJ❤❡③✳ ❆♠✐♥< ❛③ ❧@<❤❛<K✱ ❛

❤❡♥❣❡; @❧<❛❧ ❦✐❢❡❥<❡<< ❡;➤ ✭Ft✮ ♥❡♠ ❢/❣❣ ❛ ♠♦③❣❛)$& &❡❜❡&&3❣3)➤❧✳ ❆ ♠✉♥❦❛❤❡♥❣❡; ❢♦❧②❛❞J❦♥②❡❧JB❡

♣❡❞✐❣
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Q = Qeηv =

{
ADvηv ❤❛ v > 0 9:

Agyvηv ❤❛ v < 0
✭✷✳✾✮

♣❡❞✐❣ ♥❡♠ ❢$❣❣ ❛ ❤❡♥❣❡( )❡(❤❡❧+,+)➤❧✳

❊❧❧❡♥➤%③'( ❦✐❤❛❥❧.(%❛

❚❖❉❖✱ ❧❞✳ ♠❡❝❤❛♥✐❦❛

❉✐♥❛♠✐❦✉( ✈✐(❡❧❦❡❞'( ♠♦❞❡❧❧❡③'(❡

❙③I♠JKL❣9♣❡: :③✐♠✉❧I❝✐LK ❤❛:③♥I❧✉♥❦✱ ❤❛ ❛ ♠✉♥❦❛❤❡♥❣❡NK ♥❡♠ I❧❧❛♥❞L:✉❧K I❧❧❛♣♦K❜❛♥ ✈✐③:❣I❧✲

❥✉❦✱ ✈❛❣② ❛ K❡N❤❡❧9: ✐❞➤❜❡♥ ✈I❧K♦③L✳ ❆♠❡♥♥②✐❜❡♥ :③❛❜I❧②♦③I:K ❤❛:③♥I❧✉♥❦ ❡❣② ♠✉♥❦❛❤❡♥❣❡N❤❡③✱

✜❣②❡❧❡♠❜❡ ❦❡❧❧ ✈❡♥♥✐ ❛ ❞✐♥❛♠✐❦✉: ✈✐:❡❧❦❡❞9:K✳ ▼✐♥K ❧IK♥✐ ❢♦❣❥✉❦✱ ❛ ❞✐♥❛♠✐❦✉: ♠♦❞❡❧❧N❡ ❢❡❧JNK
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mẍ = p1AD − p2Agy − Ft(t)− Fs ✭✷✳✶✵✮

◆②♦♠1,❞✐♥❛♠✐❦❛

❆ ❤❡♥❣❡NK9N❜❡♥ K❛NKL③❦♦❞L ❢♦❧②❛❞9❦K^♠❡❣ ✐❞➤❜❡❧✐ ♠❡❣✈I❧K♦③I:❛ ❦9K❢9❧❡ ❢❡❧JNI::❛❧✿ ❊❧:➤ ❢❡❧✲

JNI:✿

d

dt
(m1) = ρ1Q1 ✭✷✳✶✶✮
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d

dt
(m1) =

d

dt
(ρ1V1) = ρ1

dV1

dt
+ V1

dρ1
dt

= ρ1
d

dt
[AD(L0 + x)] + V1

d

dt
(ρ1(p(t))) =

= ρ1ADv + V1
dρ1
dp1

dp1
dt

= ρ1ADv + V1
ρ1
E
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dt

✭✷✳✶✷✮
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dρ

∣
∣
∣
∣
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E

ρ
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ρ1Q1 = ρ1ADv + V1
ρ1
E

dp1
dt

Q1 = ADv + V1
1

E

dp1
dt

✭✷✳✶✸✮
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dp1
dt
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dt
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dv

dt
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1

m
(p1AD − p2Agy − Ft(t)− Fs) ✭✷✳✶✻✮
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∆pA = s(x+ x0)

Q = cdAki(x)vki = cdDπx

√
2

ρ
∆p

cd ∼

Q = cdDπ

(
∆pA

s
− x0

)√
2

ρ
∆p
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Q =







0, ha ∆p < ∆pnyit; x < 0

cdDπ
(
∆pA
s
− x0

)√
2
ρ
∆p, ha 0 < x < xmax

cdDπxmax

√
2
ρ
∆p, ha xmax < x

∆p = ∆pnyit +∆p̃

❆ ❥❡❧❧❡❣❣4D❜❡ ❡❣②❡♥❧❡7❡

Q(∆p̃) = cdDπ

(
∆p̃A

s
+

∆pnyitA

s
− x0

)√
2

ρ
(∆p̃+∆pnyit)

❆ ❥❡❧❧❡❣❣4D❜❡ ♠❡D❡❞❡❦>I❣❡

dQ

d∆p̃
= cdDπ

A

s

√
2

ρ

d

d∆p̃

[

∆p̃
√

∆p̃+∆Pnyit

]
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4
✱ >✳
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∼ 4s

D2π

1

D
∼ s

D3
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• ❱✐5③❦♦③✐9:5❢B❣❣❡9❧❡♥ ♠➯❦U❞=5

• ❋✐♥♦♠❛❜❜ :❧❧S9:5✐ ❧❡❤❡9➤5=❣

❚5&❢♦❣❛+,&❛♠✲,❧❧❛♥❞2#:+2

❆ ✷✳✷✸ :❜E:♥ ❧:9❤❛9; ❡❣② 9=E❢♦❣❛9:E❛♠✲:❧❧❛♥❞;5S9; 5③❡❧❡♣ ♠➯❦U❞=5=9 ❜❡♠✉9❛9; ✈:③❧❛9✳

❆ ♠➯❦U❞=5❡ ❛ ❦U✈❡9❦❡③➤✿

❍❛ p1 ♠❡❣♥➤ → ◗ 9=E❢♦❣❛9:E❛♠ ♥➤ → p3 ❝5U❦❦❡♥✱ ♠❡E9 ❛ ❢♦❥9:5♦♥ ♥❛❣②♦❜❜ 9=E❢♦❣❛9:E❛♠

♠❡❧❧❡99 ♥❛❣②♦❜❜ ♥②♦♠:5❡5=5 ❥❡❧❡♥9❦❡③✐❦ → (p2 − p3) ♥➤ → ❛ 9♦❧❛99②_ ❡❧♠♦③❞✉❧ ❢❡❧❢❡❧= → ❆✭①✮

❝5U❦❦❡♥ → ◗ 9=E❢♦❣❛9:E❛♠ ❝5U❦❦❡♥✳

❋♦❥+2❦ 5# +5&❢♦❣❛+,&❛♠✲,❧❧❛♥❞2#:+2❦ ;##③❡❤❛#♦♥❧:+,#❛

❆ ✷✳✷✹ :❜E:♥ ❧:9❤❛9;❛❦ ❛ ❢❡♥9❡❜❜ ❡♠❧S9❡99 5③❡❧❡♣❡❦ ❥❡❧❧❡❣❣UE❜=✐✳ ❆③ ❡❣②5③❡E➯ ❢♦❥9; ❥❡❧❧❡❣❣UE✲
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✷✳✷✷✳ 1❜3❛✳ ❋♦❥819♦❦ ❢❡❧>♣@8>9❡ >9 3❛❥③✐ ❥❡❧C❦

❜>❥❡ ❢C❣❣ ❛ ❦E③❡❣ ✈✐9③❦♦③✐81918G❧✱ >9 ❛③ 1813❛♠❧G ❦❡3❡9③8♠❡89③❡88➤❧✳ ❆ ✜♥♦♠❢♦❥8G❜❛♥ ❧>83❡❤♦③♦88

8✉3❜✉❧❡♥9 13❛♠❧19 ♠✐❛88 ♠13 ❛ ❥❡❧❧❡❣❣E3❜❡ ❢C❣❣❡8❧❡♥ ❛ ❦E③❡❣ ✈✐9③❦♦③✐81918G❧✳

❱✐""③❛❝"❛♣' "③❡❧❡♣❡❦

➪❧8❛❧1❜❛♥ C❧>❦❡9 ❦✐✈✐8❡❧✱ ❡33❡ ✉8❛❧ ❛ 9❡♠❛8✐❦✉9 3❛❥③❥❡❧❡ ✐9✳

• ❊❣②9③❡3➯ ❦✐✈✐8❡❧✿ ❊❣② ③13G8❡98 C❧ ❢❡❧ ❛③ C❧>❦3❡ S❣②✱ ❤♦❣② ❡❧ 8✉❞❥♦♥ ♠♦③❞✉❧♥✐✳ ❍❛ ❇ ♦❧❞❛❧♦♥

♥❛❣②♦❜❜ ❛ ♥②♦♠19✱ ♠✐♥8 ❆ ♦❧❞❛❧♦♥✱ ❛❦❦♦3 ❛ ♥②♦♠19❦C❧E♥❜9>❣ 319③♦3@8❥❛ ❛ ③13G8❡98❡8 ❛③

C❧>❦3❡✱ >9 ♥❡♠ ❡♥❣❡❞✐ ❛ ❢♦❧②❛❞>❦♦8 13❛♠❧❛♥✐✳ ❍❛ ❆ ♦❧❞❛❧♦♥ ♥❛❣②♦❜❜ ❛ ♥②♦♠19✱ ❛❦❦♦3

❛ ♥②♦♠19❦C❧E♥❜9>❣ ❡❧♠♦③❞@8❥❛ ❛ ③13G8❡98❡8 ❛③ C❧>❦3➤❧✱ @❣② ❛ ❢♦❧②❛❞>❦ ❦E③❡❧ ❛❦❛❞1❧②8❛❧❛✲

♥✉❧ 8✉❞ 13❛♠❧❛♥✐✳ ❆ ✈✐99③❛❝9❛♣G 9③❡❧❡♣ ❛♥❛❧G❣ ❛③ ❡❧❡❦83♦♥✐❦1❜❛♥ ✐9♠❡38 ❡❣②❡♥✐31♥②@8G

❞✐G❞1✈❛❧✳

• ❱❡③>3❡❧8 ✈✐99③❛❝9❛♣G 9③❡❧❡♣✿ ❆③ ❡❣②9③❡3➯ ❦✐✈✐8❡❧8➤❧ ❝9❛❦ ❛♥♥②✐❜❛♥ 8>3 ❡❧✱ ❤♦❣② ❛③ 1❜31♥

❳✲❡❧ ❥❡❧E❧8 ✈❡③>3❧➤ 1❣❜❛♥ ❛ ♥②♦♠198 ♥E✈❡❧✈❡ ♥②✐8❤❛8G ❛ ✈✐99③❛❝9❛♣G 9③❡❧❡♣ ③1319✐ ✐31♥②❜❛♥

✐9✳

• ❑❡88➤9 ✈✐99③❛❝9❛♣G 9③❡❧❡♣✿ ❑>8 ♣13❤✉③❛♠♦9❛♥ ❦❛♣❝9♦❧8 ✈✐99③❛❝9❛♣G 9③❡❧❡♣❜➤❧ 1❧❧✱ ❛♠✐❦

✈❡③>3❧➤ 1❣❛✐ ❡❣②♠19❤♦③ ✈❛♥♥❛❦ ❦❛♣❝9♦❧✈❛ ❛ ✷✳✷✼ 1❜3❛ 9③❡3✐♥8✳
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✷✳✷✸✳ 4❜6❛✳ ❚86❢♦❣❛<46❛♠✲4❧❧❛♥❞BCD<B ♠➯❦G❞8C✐ ✈4③❧❛<❛✳ ❇❡♠❡♥➤ ✭<4♣❡❣②C8❣✮ ♦❧❞❛❧✿ p1✱ ❦✐♠❡♥➤

♦❧❞❛❧ ✭♣❧✳ ♠✉♥❦❛❤❡♥❣❡6✮✿ p2✳

✷✳✷✹✳ 4❜6❛✳ ❏❡❧❧❡❣❣G6❜8❦
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✷✳✷✺✳ 1❜3❛✳ ❊❣②7③❡3➯ ✈✐77③❛❝7❛♣? 7③❡❧❡♣

✷✳✷✻✳ 1❜3❛✳ ❱❡③C3❡❧D ✈✐77③❛❝7❛♣? 7③❡❧❡♣

✷✳✷✼✳ 1❜3❛✳ ❑❡DD➤7 ✈✐77③❛❝7❛♣? 7③❡❧❡♣



✻✵ ✷✳ ❋❊❏❊❩❊❚✳ ❍■❉❘❖❙❩❚❆❚■❑❯❙ ❍❆❏❚➪❙❖❑

✷✳✹✳✹✳ #$✈&❧$(❦

✷✳✷✽✳ 4❜6❛✳ ❋❡❧:❧✿ 6❡❧< =③❡❧❡♣✱ ❛❧✉❧✿ ❛64♥②♦= =③❡❧❡♣

❘❡❧# $③❡❧❡♣

❈=❛❦ ✈<❣4❧❧❛♣♦I♦❦❜❛ ❦❛♣❝=♦❧❤❛IL✳ ❊❧➤♥②❡✱ ❤♦❣② ❡❣②=③❡6➯ <= ♦❧❝=L✳

❆()♥②♦$ $③❡❧❡♣ ✭♣(♦♣♦(.✐♦♥❛❧✮

❆ =③❡❧❡♣ I♦❧❛II②O❥4I ❛64♥②♦= ♠4❣♥❡= ♠♦③❣❛I❥❛✳ ❆③ ❛64♥②♦= ♠4❣♥❡= ❥❡❧❧❡♠③➤❥❡✱ ❤♦❣② ❛

64❦❛♣❝=♦❧I ❢❡=③:❧I=<❣❥❡❧❧❡❧ ❛64♥②♦= ❛ ❧<I6❡❤♦③♦II ♠4❣♥❡=❡= I<6 ❡6➤==<❣❡✳ ❊③4❧I❛❧ ❧❡❤❡I➤✈< I❡=③✐✱

❤♦❣② ❛ I♦❧❛II②OI ❦T③I❡= 4❧❧❛♣♦I♦❦❜❛ ✐= ❜❡4❧❧UI❤❛==✉❦✱ ♥❡ ❝=❛❦ ❛ ✈<❣4❧❧❛♣♦I♦❦❜❛✳ ❍4I64♥②❛✱ ❤♦❣②

❞64❣4❜❜ ❛ 6❡❧< =③❡❧❡♣♥<❧✳

❚O❧❢❡❞<=

◆❡❣❛$%✈ $'❧❢❡❞+,

❆ I♦❧❛II②O♥❛❦ ✈❛♥ ♦❧②❛♥ 4❧❧❛♣♦I❛✱ ❛♠✐❦♦6 ❛ I4♣♥②♦♠4= 64 ✈❛♥ ❦TI✈❡ ❛ I❛6I4❧②6❛ ✐=✱ <= ❛

❦✐♠❡♥❡I6❡ ✐=✳ ❊③ ❛ ❦✐❛❧❛❦UI4= ❧4❣②❛❜❜ ✈4❧I4=I I❡=③ ❧❡❤❡I➤✈<✱ ♠❡6I ♥❡♠ ♦❦♦③ ❛ ✈4❧I4= ♦❧②❛♥

❤✐6I❡❧❡♥ ♥②♦♠4=♥T✈❡❦❡❞<=I✱ ❡❣②❡♥❧❡I❡=❡❜❜ ❛ ♥②♦♠4= ❢❡❧<♣:❧<=❡✳ ❍4I64♥②❛✱ ❤♦❣② ❤❛ ❛ ❦✐♠❡♥❡I6❡

❡❣② ♠✉♥❦❛❤❡♥❣❡6 ✈❛♥ ❦❛♣❝=♦❧✈❛✱ ❛❦❦♦6 ✈4❧I4= ❦T③❜❡♥ ❜✐③♦♥②I❛❧❛♥ ❧❡=③ ❛ ♠✉♥❦❛❤❡♥❣❡6 ♠♦③❣4=❛✳

-♦③✐$%✈ $'❧❢❡❞+,

❊❜❜❡♥ ❛③ ❡=❡I❜❡♥ ✈❛♥ ❛ I♦❧❛II②O♥❛❦ ♦❧②❛♥ 4❧❧4=❛✱ ❛♠✐❦♦6 ❛ I4♣♥②♦♠4= ❧❡ ✈❛♥ ③46✈❛✱ ♥✐♥❝=

64❦TI✈❡ =❡♠❡❧②✐❦ ❦✐♠❡♥❡I6❡ =❡♠✳ ❍❛ ❛ I❛6I4❧②6❛ ✈♦❧I ❦TI✈❡ ❛ I4♣♥②♦♠4=✱ <= ❛③I4♥ ✈4❧I♦③I❛I✉♥❦

❛ =③❡❧❡♣ 4❧❧4=4♥✱ ❛❦❦♦6 ❡❣②6❡ ❝=T❦❦❡♥ ❛③ 4I46❛♠❧L ❦❡6❡=③I♠❡I=③❡I✱ ♠❛❥❞ I❡❧❥❡=❡♥ ❧❡③46✉❧ ❛ I4♣✲

♥②♦♠4= ❝=♦♥❦❥❛✳ ❊♠✐❛II ✐II ♠❡❣♥➤ ❛ ♥②♦♠4=✱ ❤✐=③❡♥ ❛ ♠✉♥❦❛❢♦❧②❛❞<❦ ♥❡♠ I✉❞ 46❛♠❧❛♥✐✳ ❆

I♦❧❛II②O I♦✈4❜❜❤❛❧❛❞✈❛ T==③❡❦❛♣❝=♦❧❥❛ ❛ ❦✐♠❡♥❡I❡I ❛ I4♣♥②♦♠4==❛❧✱ <= ❡❦❦♦6 ❛ ❦✐♠❡♥❡I❡♥ ❡❣②

♥②♦♠4=❝=O❝= ✜❣②❡❧❤❡I➤ ♠❡❣✳ ❊③❡❦ ❛ ♥②♦♠4=❝=O❝=♦❦ ❥♦❜❜❛♥ ✐❣<♥②❜❡ ✈❡=③✐❦ ❛ 6❡♥❞=③❡6 ❡❧❡♠❡✲

✐I✱ ❛③♦♥❜❛♥ ✐❧②❡♥ =③❡❧❡♣ ❛❧❦❛❧♠❛③4=4♥4❧ ♥❡♠ ❥T♥ ❧<I6❡ ❛ ❢❡♥I❡❜❜ ❡♠❧UI❡II ❜✐③♦♥②I❛❧❛♥=4❣✱ I❡❤4I

♣♦♥I♦=❛❜❜ ♠♦③❣❛I4=I I❡=③ ❧❡❤❡I➤✈<✳ ❩+2✉, $'❧❢❡❞+,

■❧②❡♥ IU♣✉=O =③❡❧❡♣❡❦❡I =♣❡❝✐4❧✐=✱ ♣6❡❝U③✐L= ❛❧❦❛❧♠❛③4=♦❦ ❡=❡I<♥ ❤❛=③♥4❧✉♥❦✳ ❍4I64♥②❛✱ ❤♦❣②

✜♥♦♠ I➯6<=❡❦❦❡❧ ❦❡❧❧ ❣②46I❛♥✐✱ ❡♠✐❛II ❞64❣❛

❚❡6♠<=③❡I❡=❡♥ ❛ IO❧❢❡❞<=❡❦ ♠❡❣❥❡❧❡♥♥❡❦ ❛ 6❡❧< =③❡❧❡♣❡❦♥<❧ ✐=✳ ❆ IO❧❢❡❞<= 6❛❥③✐ ❥❡❧T❧<=❡ ❛ ✷✳✸✷

4❜64♥ ❧4I❤❛IL✳
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✷✳✷✾✳ 2❜4❛✳ ◆❡❣❛89✈ 8;❧❢❡❞?@ ✭B✿ 82♣♥②♦♠2@✱ ❚✿ 8❛482❧②✱ ❆✿ @③❡❧❡♣ ❦✐♠❡♥❡8❡✮

✷✳✸✵✳ 2❜4❛✳ B♦③✐89✈ 8;❧❢❡❞?@ ✭B✿ 82♣♥②♦♠2@✱ ❚✿ 8❛482❧②✱ ❆✿ @③❡❧❡♣ ❦✐♠❡♥❡8❡✮

❆③ 2❜42♥ ❡❣② ✸ 2❧❧2@; @③❡❧❡♣ ❧28❤❛8R ✭❡③ ❛ @③❡❧❡♣ ❜❛❧4R❧ ❛③ ✶✳✱ ✸✳ ?@ ✺✳ ♥?❣②③❡88❡❧ ❥❡❧U❧8

2❧❧❛♣♦8❜❛ ❦❛♣❝@♦❧❤❛8R✮✳ ❆③ 2❜42♥ ❛ ❜❛❧4R❧ ✷✳ ?@ ✹✳ ♥?❣②③❡8 ♥❡♠ ❦W❧U♥ 2❧❧❛♣♦8♦8 ❥❡❧U❧✱ ❝@❛❦

❛③ 28♠❡♥❡8❡8 ❛③ ✶✳ ?@ ✸✳ ✈❛❧❛♠✐♥8 ❛ ✸✳ ?@ ✺✳ ♥?❣②③❡88❡❧ ❥❡❧U❧8 2❧❧❛♣♦8 ❦U③U88✳ ❆③ 28♠❡♥❡8✐

2❧❧❛♣♦8♦❦❛8 ❣②❛❦4❛♥ @③❛❣❣❛8♦88 ✈♦♥❛❧❧❛❧ 2❜42③♦❧❥2❦✳

❙③❡#✈♦&③❡❧❡♣❡❦

B4❡❝9③✐R@✱ ♥❛❣② @❡❜❡@@?❣➯ @③❡❧❡♣❡❦✱ 8❡❤28 ❛③ ✐❞➤❦?@?@❡✱ ❛ ❜❡❧@➤ 8❡❤❡8❡8❧❡♥@?❣❡ ❦✐❝@✐✳ ➪❧8❛❧2✲

❜❛♥ @③❛❜2❧②♦③2@✐ ❢❡❧❛❞❛8♦❦❜❛♥ ❤❛@③♥2❧❥✉❦✳

B?❧❞2✉❧ ♣♦❧✐♠❡4 ❢24❛@③8R❣?♣♥?❧ ❛❧❦❛❧♠❛③❤❛8R ✭❄❄✮ 2❜4❛✮✳ ❆ ♣4R❜❛8❡@8 ❡❣②✐❦ ✈?❣❡ ❛ ♠✉♥❦❛✲

❤❡♥❣❡4❤❡③ ✈❛♥ 4U❣③98✈❡✱ ❛ ♠2@✐❦ ✜①❡♥ ♠❡❣❢♦❣♦88✳ ■❧②❡♥ ❣?♣❡❦♥?❧ ❛❞♦88 ①✭8✮ ❡❧♠♦③❞✉❧2@ ❢W❣❣✈?♥②

♠❡❧❧❡88 ❦❡❧❧ ❡4➤8 ❦✐❢❡❥8❡♥✐✳ ❆ ❦✐❢❡❥8❡88 ❋✭①✮ ❡4➤ ❢W❣❣✈?♥②❡ ♥❡♠ ❧✐♥❡24✐@ ✈❛❣② ❤✐@③8❡4?③✐@@❡❧ 8❡4❤❡❧8✳

_@@③❡❢♦❣❧❛❧✈❛ ❛ ❦U✈❡8❦❡③➤ ♠♦♥❞❤❛8R ❡❧ ❛ ❦W❧U♥❜U③➤ ;8✈2❧8R❦4R❧✳ ❆❧❛♣✈❡8➤ ♠➯❦U❞?@✐ ❡❣②❡♥✲

❧❡8W❦✿

Q = cdA

√
2

ρ
∆p ✭✷✳✷✷✮

❘❡❧? @③❡❧❡♣ ❡@❡8?❜❡♥ ❛③ ❆ 28❢♦❧②2@✐ ❦❡4❡@③8♠❡8@③❡8 2❧❧❛♥❞R → ◗✭∆♣✮ ❣②U❦U@ ❥❡❧❧❡❣➯✳

❆42♥②♦@ @③❡❧❡♣ ❡@❡8?❜❡♥ ❆ 28❢♦❧②2@✐ ❦❡4❡@③8♠❡8@③❡8 ❛ 8❡❦❡4❝@4❡ ❦❛♣❝@♦❧8 ❢❡@③W❧8@?❣ ❢W❣❣✈?♥②❡

→ ◗✭∆♣✮ ♠?❣ ♠✐♥❞✐❣ ❣②U❦U@ ❥❡❧❧❡❣➯✱ ❞❡ ❦W❧U♥❜U③➤ ❢❡@③W❧8@?❣❡❦ ❡@❡8?♥ ❦W❧U♥❜U③➤ ❣U4❜?❦❡8 ❛❞✳

❙③❡4✈♦@③❡❧❡♣❡❦♥?❧ ◗✭∆♣✮ ❦U③❡❧ ❧✐♥❡24✐@ ❢W❣❣✈?♥②✳ ❆ B■❉ @③❛❜2❧②♦③R❦ ❛❧❛♣✈❡8➤❡♥ ❧✐♥❡24✐@

4❡♥❞@③❡4❡❦❤❡③ ✐❧❧✐❦✱ 9❣② ❛ ❧✐♥❡24✐@ ❥❡❧❧❡❣❣U4❜?❥➯ @③❡4✈♦@③❡❧❡♣❤❡③ ✐@ ✐❞❡2❧✐@✳ ❊❣②?❜❦?♥8 ❤✐❞4❛✉❧✐❦2✲

❜❛♥ @③2♠♦@ ❤❡❧②❡♥ ♠❡❣✜❣②❡❧❤❡8➤ ♥❡♠❧✐♥❡❛4✐82@✳

✷✳✹✳✺✳ ❆❧❦❛❧♠❛③*+♦❦

❩✉❤❛♥0&❣02❧3



✻✷ ✷✳ ❋❊❏❊❩❊❚✳ ❍■❉❘❖❙❩❚❆❚■❑❯❙ ❍❆❏❚➪❙❖❑

✷✳✸✶✳ 4❜6❛✳ ❩86✉: ;<❧❢❡❞8: ✭B✿ ;4♣♥②♦♠4:✱ ❚✿ ;❛6;4❧②✱ ❆✿ :③❡❧❡♣ ❦✐♠❡♥❡;❡✮

✷✳✸✷✳ 4❜6❛✳ ❚<❧❢❡❞8: 6❛❥③✐ ❥❡❧O❧8:❡

❆ ✈❡③86❡❧; ✈✐::③❛❝:❛♣R :③❡❧❡♣ ❢❡❧❛❞❛;❛✱ ❤♦❣② ❝:❛❦ ❛❦❦♦6 ❡♥❣❡❞❥❡ ❧❡ ❛ ♠✉♥❦❛❢♦❧②❛❞8❦♦; ❛③ ❛❧:R

;8668:③❜➤❧✱ ♠✐❦♦6 ❛ ❢❡❧:➤ 4❣❜❛♥ ♠❡❣♥➤ ❛ ♥②♦♠4:✱ ;❡❤4; ❛♠✐❦♦6 :V❧❧②❡:③;❥V❦ ❛ ;❡6❤❡;✳ ❆ ❢♦❥;R✲

✈✐::③❛❝:❛♣R :③❡❧❡♣ ❛ ♠✉♥❦❛❤❡♥❣❡6 ❦✐❢❡❧8 ♠♦③❣4:4♥❛❦ ❜❡4❧❧X;4:46❛ :③♦❧❣4❧✳ ❊♥♥❡❦ ❛ ❜❡8♣X;8:❡

❛③86; :③V❦:8❣❡:✱ ❤♦❣② ❛ ♥❛❣② ;O♠❡❣➯ ;❡6❤❡; ❦❡❧❧➤❡♥ ❧❛::❛♥ ❡6❡::③❡ ❧❡ ❛ ♠✉♥❦❛❤❡♥❣❡6✳ ❆ ♠✉♥✲

❦❛❤❡♥❣❡6✈❡③86❧➤ :③❡❧❡♣ ❦O③8♣:➤ 4❧❧4:4❜❛♥ ❛③ 4❜64♥ ❧4;❤❛;R ❦❛♣❝:♦❧4:; ❦❡❧❧ ♠❡❣✈❛❧R:X;❛♥✐✱ ♥❡♠

❧❡❤❡; ❛ ♠❡❣:③♦❦♦;; ❡❧6❡♥❞❡③8:✱ ❛③❛③ ♠✐♥❞ ❛ ♥8❣② ✈❡③❡;8❦ ③46;✳ ❍❛ ♦❧②❛♥ :③❡❧❡♣❡; ❛❧❦❛❧♠❛③♥4♥❦✱

❛❦❦♦6 ❛ ❢❡❧:➤ 4❣❜❛♥ ♠❛6❛❞R ♥②♦♠4: 8: ❛ ;❡6❤❡❧8: ✐♥❣❛❞♦③4:❛ ❦✐♥②✐;❤❛;♥4 ❛ ✈❡③86❡❧; ✈✐::③❛❝:❛♣R

:③❡❧❡♣❡;✱ ;❡❤4; ❛ ;❡❤❡6 ❧❡❢❡❧8 ♠♦③❞✉❧♥❛✱ ❛♠✐ ♥❡♠ ♠❡❣❡♥❣❡❞❤❡;➤✳ ❆③ 4❜64♥ ❧❛;❤❛;R ❡❧6❡♥❞❡③8:;

❤❛:③♥4❧✈❛ ♠✐♥❞❦8; 4❣❜❛♥ ❧❡❝:O❦❦❡♥;❥V❦ ❛ ♥②♦♠4:;✱ X❣② ♥❡♠ ;✉❞ ❛ ❢❡♥;✐ ❤❡❧②③❡; ❦✐❛❧❛❦✉❧♥✐✳

❑!"③$" ♠❡❣❛❦❛❞$❧②♦③$"❛

❑<:③4:♥❛❦ ❛③; ❛ ❥❡❧❡♥:8❣❡; ♥❡✈❡③③V❦✱ ❛♠✐❦♦6 ❛ ♠✉♥❦❛❤❡♥❣❡6❜➤❧ :③✐✈46❣R ❢♦❧②❛❞8❦ ♦❦♦③;❛

♥②♦♠4:❝:O❦❦❡♥8: ♠✐❛;; ❧❛::❛♥ ❡❧♠♦③❞✉❧ ❛ ♠✉♥❦❛❤❡♥❣❡6✳ ❆ ♠✉♥❦❛❤❡♥❣❡6 8: ❛ ✈❡③86❧➤:③❡❧❡♣ ❦O③8

❡❣② ❦❡;;➤: ✈✐::③❛❝:❛♣R :③❡❧❡♣ ❦❡6V❧ ❜❡8♣X;8:6❡✳ ❆♠✐❦♦6 ❦O③8♣:➤ 4❧❧❛♣♦;❜❛♥ 4❧❧ ❛ ✈❡③86❧➤:③❡❧❡♣✱

❛❦❦♦6 ❛ ✈✐::③❛❝:❛♣R :③❡❧❡♣ ♥❡♠ ❡♥❣❡❞✐ ❛ ♠✉♥❦❛❤❡♥❣❡6❜➤❧ ;4✈♦③♥✐ ❛ ♠✉♥❦❛❢♦❧②❛❞8❦♦;✱ X❣② ❛

♠✉♥❦❛❤❡♥❣❡6 ♥❡♠ ;✉❞ ❡❧♠♦③❞✉❧♥✐✳



✷✳✹✳ ■❘➪◆❨❮❚*❊▲❊▼❊❑ ✻✸

✷✳✸✸✳ 1❜3❛✳ 5♦❧✐♠❡3 ❢13❛<③>?❣A♣ ❡❧✈✐ ❦❛♣❝<♦❧1<❛

✷✳✸✹✳ 1❜3❛✳ F>✈1❧>?❦ ❥❡❧❧❡❣❣H3❜A✐



✻✹ ✷✳ ❋❊❏❊❩❊❚✳ ❍■❉❘❖❙❩❚❆❚■❑❯❙ ❍❆❏❚➪❙❖❑

✷✳✸✺✳ 5❜7❛✳ ❩✉❤❛♥5<❣5>❧@ ❡❧7❡♥❞❡③D<

✷✳✸✻✳ 5❜7❛✳ ❑E<③5< ♠❡❣❛❦❛❞5❧②♦③5<❛



✷✳✺✳ #❩❊▼❚❆◆✱ ❊●❨❙❩❊❘➊ ❑❆1❈❙❖▲➪❙❖❑ ✻✺

✷✳✺✳ #③❡♠'❛♥✱ ❡❣②-③❡.➯ ❦❛♣❝-♦❧5-♦❦

 !❧❞❛❢❡❧❛❞❛'

❊❣② ❤✐❞<♦♠♦?♦<<❛❧ Mm = 120Nm ♥②♦♠❛?C❦♦? ❦❡❧❧ ❦✐❢❡❥?❡♥H♥❦ nm = 1500/perc ❢♦<❞✉❧❛?✲

K③M♠ ♠❡❧❧❡??✳ ❆ ❤✐❞<❛✉❧✐❦❛ ❡❧❡♠❡❦ ♠❡❣❡♥❣❡❞❡?? ♠❛①✐♠M❧✐K ♥②♦♠MK❛ ✹✵✵ ❜❛<✳ ❆ K③✐✈❛??②S?

✸✵✵✵✴♣❡<❝ ❢♦<❞✉❧❛?K③M♠S ♠♦?♦<<❛❧ ❤❛❥?❥✉❦✳ ❍❛?MK❢♦❦♦❦✿ ηvol = 85%✱ ηhm = 90% ♠✐♥❞ ❛ ♠♦?♦<✲

<❛✱ ♠✐♥❞ ❛ K③✐✈❛??②S<❛✳ ❆ ♠♦?♦< CK ❛ K③✐✈❛??②S ♠C<❡?K♦<❛✿ Vg = 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70 cm3
✳

❑✐✈M❧❛K③?❛♥❞Z❦ ❛③ ❡❧❡♠❡❦ ✐❧❧✳ ❦✐K③M♠[?❛♥❞Z ❛ K♦<♦K✴♣M<❤✉③❛♠♦K ❦❛♣❝K♦❧MK ❤❛?MK❢♦❦❛✳

• ❱❡❣②H❦ ❢❡❧ ❛ <❡♥❞K③❡< ♠✉♥❦❛♥②♦♠MKM? ✸✵✵ ❜❛<✲<❛✦

• ❱M❧❛KK③✉♥❦ ♠♦?♦<?✦

ηhm
nmVg

ηvol
︸ ︷︷ ︸

Q

∆p

︸ ︷︷ ︸

Pbe

= Mm2πnm
︸ ︷︷ ︸

Ph

→ Vg =
2πMm

∆p

ηvol
ηhm

=
2π120

300× 105
0.85

0.9
= 23.74 cm3.

❊③C<? ✈M❧❛KK③✉❦ ❛ ♠C<❡?K♦<❜Z❧ ❛ 25cm3
✲❡K ♠♦?♦<? ✭❛ ✷✵✲❛K ✐K ❥Z✮✳ ❊③③❡❧ ❛ ♠♦?♦<<❛❧ ❛ K③H❦✲

KC❣❡K ♥②♦♠MK CK ❛ ❢♦❧②❛❞C❦♥②❡❧CK ∆p = 284.8 ❜❛< ✭❦❡✈❡K❡❜❜✱ ♠✐♥? ❛ ♠❛①✐♠M❧✐K ♥②♦♠MK✱

?❡❤M? ❥Z✮ ✐❧❧✳ Qm = 1500/perc× 25cm3/0.85 = 41.67 liter/perc✳

• ❱M❧❛KK③✉♥❦ K③✐✈❛??②S?✦

Qsz = nszVgηvol → Vg =
41.67 liter/perc

3000/perc× 0.85
= 16.34 cm3. ✭✷✳✷✸✮

❆ ♠C<❡?K♦<❜Z❧ ✈M❧❛KK③✉❦ ❛③ 20cm3
✲❡K K③✐✈❛??②S? ✭❛ ❦✐K❡❜❜ ♥❡♠ ❥Z✱ ♠❡<? ❛③ ♥❡♠ K③M❧❧[?

❡❧❡❣❡?✮✱ ❡♥♥❡❦ ❛ ♠❡❣❛❞♦?? ❢♦<❞✉❧❛?K③M♠♦♥ Qsz = 3000/perc×20cm3×0.85 = 51liter/perc
❛ K③M❧❧[?MK❛✳

• ❆ ♥②♦♠MK❤❛?M<♦❧Z ♥②✐?Z♥②♦♠MKM? M❧❧[?K✉❦ ❛ <❡♥❞K③❡<♥②♦♠MK ❢`❧C ✷✵✪✲❦❛❧✿ ∆pnyhsz =
1.2× 284.8 = 341.76 ≈ 340❜❛<✳

• ❙♦<♦K ❢♦❥?MK ✭❧❞✳ ✷✳✸✽✳ M❜<❛ ❜❛❧ ♦❧❞❛❧❛✮ ❡K❡?C♥

Ph = 41.67l/min× 284.8bar = 19.7kW

Pbe = 51l/min× 340bar = 28.9kW

P ′f = 41.67l/min× (340− 284.8)bar = 3.9kW

P ′nyhsz = (51− 41.67)l/min× 340bar = 5.3kW

η = 19.7/28.9 = 68.2%.

• 1M<❤✉③❛♠♦K ❢♦❥?MK ✭❧❞✳ ✷✳✸✽✳ M❜<❛ ❥♦❜❜ ♦❧❞❛❧❛✮ ❡K❡?C♥

Ph = 41.67l/min× 284.8bar = 19.7kW

Pbe = 51l/min× 284.8bar = 24.2kW

P ′f = (51− 41.67)l/min× 284.8bar = 4.5kW

P ′nyhsz = 0kW

η = 19.7/24.2 = 81.4%.

❮❣② ❡♥❡<❣❡?✐❦❛✐❧❛❣ ❛ ♣M<❤✉③❛♠♦K ❦❛♣❝K♦❧MK ❛ ❦❡❞✈❡③➤❜❜✳
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✷✳✸✼✳ 4❜6❛✳ ❆ ❢❡❧❛❞❛< ♠❡❣♦❧❞4@❛

▼❡❣❥❡❣②③&'✿ ❆♠❡♥♥②✐❜❡♥ ♠✉♥❦❛❤❡♥❣❡6 ♠G6❡<❡③G@❡ ❛ ❢❡❧❛❞❛<✱ ❡6➤ F G@ ❞✉❣❛<<②K6K❞ @❡✲

❜❡@@G❣ v ✈❛♥ ♠❡❣❛❞✈❛✱ ❛❦❦♦6 ❛ ❞✉❣❛<<②K❢❡❧N❧❡<❜➤❧ AD @③4♠O<❤❛<P ❛ @③N❦@G❣❡@ ♥②♦♠4@

✭F = AD∆p✮ ✐❧❧✳ ❛ <G6❢♦❣❛<46❛♠ Q = ADv✳ ❆ @③✐✈❛<<②K✈4❧❛@③<4@<P❧ ♠46 ❤❛@♦♥❧P❛♥

✈G❣❡③❤❡<➤ ❛ ♠G6❡<❡③G@✳
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❋3❣❣➤❧❡❣❡8 ❜❡:♣<=:8 ❡8❡=:♥ ❛ =❡❤❡A ③✉❤❛♥D8D♥❛❦ ♠❡❣❛❦❛❞D❧②♦③D8❛ ❡❧➤✈❡③:A❡❧= ✈✐88③❛❝8❛♣M8③❡❧❡♣

8❡❣<=8:❣:✈❡❧✳ ❆♠❡♥♥②✐❜❡♥ ❛ =D♣❡❣②8:❣ ♥❡♠ 3③❡♠❡❧✱ ♥❡♠ ♠➯❦P❞=❡=❤❡=➤ ❛ ♠✉♥❦❛❤❡♥❣❡A✱ ♠✐✈❡❧

❛ ❤❡♥❣❡A✈❡③:A❧➤8③❡❧❡♣ ❤✐❞A❛✉❧✐❦✉8 ♠➯❦P❞=❡=:8➯✳

✷✳✸✾✳ D❜A❛✳ ❇✐③=♦♥8D❣✐ ♠✉♥❦❛❤❡♥❣❡A ♠♦③❣❛=D8
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✷✳✻✳✸✳ ❑%&✱ ❡❧&%*➤ ♥②♦♠01✐❣%♥②➯ ♠✉♥❦❛❤❡♥❣❡* ♠➯❦9❞&❡&%1❡

❊♥♥3❧ ❛ ❦❛♣❝9♦❧;9♥;❧ ❛ ✧❈❧❛♠♣✧ ❥❡❧➯ ✶✳ ♠✉♥❦❛❤❡♥❣❡E EF❣③HI39✐ ❢❡❧❛❞❛I♦I ❧;I ❡❧✱ ❛ ✧❲♦E❦ ❝②✲

❧✐♥❞❡E✧ ✷✳ ♠✉♥❦❛❤❡♥❣❡E ♠✉♥❦❛✈3❣③39I✳ ❆③ ❡❧➤③➤ ♥②♦♠;9✐❣3♥②❡ ❥S✈❛❧ ♥❛❣②♦❜❜ ✭✶✵✵✵ ♣9✐ ≈ ✻✾

❜❛E✮✱ ♠✐♥I ❛③ ✉IS❜❜✐3 ✭✹✵✵ ♣9✐ ≈ ✷✼✳✻ ❜❛E✮✳ ❆ ♠✉♥❦❛❢;③✐9 ❡❧❡❥3♥ ❛③ ❆✶✲❡9 9③❡❧❡♣❡I ♠➯❦F❞I❡I❥Z❦

❢♦❧②❛♠❛I♦9❛♥✱ H❣② ❛③ ✶✳ ❤❡♥❣❡E ❦✐❢❡❧3 ♠♦③❞✉❧ ❡❧✱ EF❣③HI✐ ❛ ♠✉♥❦❛❞❛E❛❜♦I✱ ♠❛❥❞ ✲ ♠✐✈❡❧ ❛③ ❆✶

9③❡❧❡♣ ❛ ✧❦✐❢❡❧3✧ ;❧❧❛♣♦I❜❛♥ ♠❛E❛❞✱ ♠➯❦F❞39❜❡ ❧3♣ ❛③ ✶✵✵✵ ♣9✐✲E❛ ;❧❧HI♦II ♥②♦♠;9❤❛I;E♦❧S 9③❡❧❡♣

39 ;❧❧❛♥❞S 3EI3❦❡♥ I❛EI❥❛ ❛ EF❣③HI➤❡E➤I✳ ❆③✉I;♥ ❦❡③❞❥Z❦ ❡❧ ♠➯❦F❞I❡I♥✐ ❛③ ❆✷ ❥❡❧➯ 9③❡❧❡♣❡I✱ ♠❡❧②

❛ ✷✳ ♠✉♥❦❛❤❡♥❣❡EI ♠➯❦F❞I❡I✐✱ ❞❡ ❡③❡♥ ❛ ✼ ❥❡❧➯ ♥②♦♠$%❝%'❦❦❡♥*➤ %③❡❧❡♣ ❝9❛❦ ✹✵✵ ♣9✐ ♥②♦♠;9I

;❧❧HI ❜❡✳ ❮❣② ✉❣②❛♥❛EES❧ ❛ I;♣❡❣②93❣E➤❧ ❦3I ❦Z❧F♥❜F③➤ ♥②♦♠;9✐❣3♥②➯ ❤❡♥❣❡EI 9③♦❧❣;❧✉♥❦ ❦✐✳ ❆

♠✉♥❦❛✈3❣③➤ ❤❡♥❣❡E 9❡❜❡993❣3I ❛ ✻✲♦9 ❢♦❥I;9 ;❧❧HI❥❛ ❜❡✳

✷✳✹✵✳ ;❜E❛✳ ❑3I✱ ❡❧I3E➤ ♥②♦♠;9✐❣3♥②➯ ♠✉♥❦❛❤❡♥❣❡E ♠➯❦F❞I❡I39❡

❆ ❦❛♣❝9♦❧;9 ❛❧❥;♥ ❛ ♣;E❤✉③❛♠♦9❛♥ ❦❛♣❝9♦❧I ✈✐99③❛❝9❛♣S 9③❡❧❡♣ 39 9③➯E➤ ❛EE❛ 9③♦❧❣;❧✱ ❤♦❣②

❛ 9③✐✈❛II②\♥ ;I❤❛❧❛❞S ♦❧❛❥♠❡♥♥②✐93❣ ❡❣② E39③3I ❢♦❧②❛♠❛I♦9❛♥ 9③➯E❥Z❦ ✭❛ ♥❛❣② E39③ ❛ ✈✐99③❛❝9❛✲

♣S9③❡❧❡♣❡♥ ❦❡E❡9③IZ❧ ❛❦❛❞;❧②♠❡♥I❡9❡♥ ;E❛♠❧✐❦✱ H❣② ❛ 9③➯E➤ ♥❛❣② ❡❧❧❡♥;❧❧;9❛ ♥❡♠ ♦❦♦③ ❥❡❧❡♥I➤9

9③H✈S♦❧❞❛❧✐ ❞❡♣E❡99③✐SI✳✮
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✷✳✻✳✹✳ ❍✐❞'❛✉❧✐❦✉, ♠♦/♦' ♠➯❦1❞/❡/3,❡

❊♥♥4❧ ❛ ❦❛♣❝:♦❧<:♥<❧ ❛ ✶✶ ❥❡❧➯ ♠♦B♦C ♥②♦♠❛B4❦❦♦C❧<B♦③<:<B ♠✐♥❞❦4B ✐C<♥②❜❛♥ ❡❣②✲❡❣② ♥②♦♠<:✲

❤❛B<C♦❧L :③❡❧❡♣ ✭✶✵✲❡: ❡❧❡♠✮ ❜✐③B♦:OB❥❛✳ ▼✐✈❡❧ ❛ ❦RC ③<CB 4: ❛ ♥②♦♠<:❤❛B<C♦❧L :③❡❧❡♣❦ ✭✶✵✲❡:

❡❧❡♠✮ ♠➯❦R❞4:❡❦♦C ♦❧❛❥ B<✈♦③✐❦✱ ❛ ✹✲❡: ✉B<♥BR❧B➤ :③✐✈❛BB②W ♣LB♦❧❥❛ ❛ ❦R③❡❣❡B ♦❧② ♠L❞♦♥✱ ❤♦❣②

❛♠❡♥♥②✐❜❡♥ ❛ ③<CB ❦RC ♥②♦♠<:❛ ✷✺✵ ♣:✐ ✭❦❜✳ ✶✼✳✷ ❜❛C✮ ♥②♦♠<: ❛❧< ❡:✐❦✱ ❛③ ✺ ❥❡❧➯ ♥②♦♠<:❤❛B<✲

C♦❧L :③❡❧❡♣ ❧❡③<C 4: ❛ ✹ ❥❡❧➯ ✉B<♥BR❧B➤ :③✐✈❛BB②W ♣LB♦❧❥❛ ❛ ❢➤❦RC❜❡ ❛③ ♦❧❛❥❛B✳ ❆ ♠♦B♦CB ❛ ✸ ❥❡❧➯

<❧❧OB❤❛BL ❣❡♦♠❡BC✐❛✐ :③<❧❧OB<:W ❦4B✐C<♥②W :③✐✈❛BB②W :③♦❧❣<❧❥❛ ❦✐✳

✷✳✹✶✳ <❜C❛✳ ❍✐❞C❛✉❧✐❦✉: ♠♦B♦C ♠➯❦R❞B❡B4:
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❊③ ❛ ❦❛♣❝8♦❧;8 ❦<= ♠✉♥❦❛❤❡♥❣❡D 8③✐♥❦D♦♥✲♠♦③❣❛=;8;D❛ ♠✉=❛= ♣<❧❞;=✱ ♠❡❧②❡= ❛ ✽ ❥❡❧➯ =<D❢♦❣❛=✲
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8③✐✈❛==②U✱ ♠❡❧②❡❦♥❡❦ =❡♥❣❡❧②❡ ♠❡❝❤❛♥✐❦✉8❛♥ V88③❡ ✈❛♥ ❦❛♣❝8♦❧✈❛ ✭❦W❧8➤ ❤❛❥=;8 ♥✐♥❝8✮✱ T❣② ❝8❛❦
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